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Abstract

The theory of branched group covers of algebraic schemes has been well studied in
abelian case, and has proven useful for constructing schemes with interesting geomet-
ric properties. Here we extend the theory to the group S5, ultimately obtaining a

local characterization of flat S3-covers.
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Chapter 1
Introduction

In the study of algebraic geometry, it is useful — and often essential — to have
at one’s disposal a vast repertoire of examples, both to understand the structure of
general schemes as well as to understand the pathologies which can occur. The theory
of branched group covers is particularly well-suited to producing these examples.

To quickly summarize the basic facts of the theory, suppose G is a finite group and
k is a field of characteristic not dividing the order of G (and for the purpose of this
introduction, also assume k is algebraically closed). A G-cover of a scheme X/k is a
scheme Y/k together with a faithful G-action on Y and a finite morphism 7 : ¥ — X
which identifies X with the geometric quotient Y/G. Given a flat G-cover, there
exists a decomposition 7,0y = @,F,, indexed by the irreducible k-representations
of G, where the F, are locally free Ox[G]-modules with G-actions closely related to
the indexing representations p. Conversely, to construct a cover given an appropriate
collection of locally free Ox[G]-modules {F,},, one defines an algebra structure on
A = @,F, compatible with the given G-actions. One then obtains the G-cover
m: SpecyA — X.

In the case of abelian groups, the foundations of the theory were laid by Pardini
in [12]. In this case, the Ox|[G]-submodule F, is the invertible y-eigensheaf of 7, Oy,
defined by the collection of sections on which the group acts as multiplication by the
character x. The algebra structure on 7,Qy is determined by a compatible collection

of morphisms F, ® F,» — F,,, which is equivalent to a collection of global sections of
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the sheaves F.~ 1 ®]—;1 ® Fyy- As it turns out, these sections are closely related to the
branch divisor of the cover. In fact, given the invertible sheaves {F, },, to construct a
G-cover one may replace the explicit definition of the algebra structure instead with a
specification of branching data. As long as a simple “covering condition” is satisfied,
one can then construct a G-cover.

This reduction of the construction of a cover to the specification of the branching
data, coupled with an explicit understanding of the invariants and deformations of
the cover, allows one to construct schemes Y encoding geometry of divisors in the
base schemes X. For example, if X is a surface, one can use geometrically interesting
configurations of curves in X to construct new surfaces whose intrinsic geometry
reflects the geometry of the configuration.

This technique has proven remarkably fruitful. For example, a standard result in
the theory of complex surfaces is the so-called Bogomolov-Miyaoka-Yau inequality.
It states that if X is a smooth, complex surface of general type, then S <9

x(Ox)
([1],[10],[14]). This inequality is sharp, and Hirzebruch has produced examples of

equality by constructing abelian covers of P2 branched over “extreme” configurations
of lines [6]. The inequality is known to fail in positive characteristic [8], and infi-
nite families of counterexamples can be produced using abelian covers branched over
configurations of lines occuring only in positive characteristic [2].

The usefulness of the abelian theory motivates the extension of the theory to
nonabelian groups. The situation is then significantly more complicated, likely even
intractable in general, but the group S5 at least is within reach. Indeed, the aim of
this thesis is a complete understanding of the local nature of S3-covers, the end result
of which will likely serve as the groundwork for future investigations.

This thesis is organized as follows. Chapter 2 serves mainly to establish termi-
nology, but also includes some preliminary results about general G-actions used in
later chapters. Chapter 3 is an overview of the basic theory of G-covers, meant not as
an exhaustive study but rather to establish the results necessary for the subsequent
analysis of S3-covers. Chapter 4 is the technical heart of the analysis, the focus of
which is obtaining a local characterization of flat Ss-covers. This characterization is

obtained via two lengthy calculations. After obtaining a local understanding of the
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covers, we briefly examine the ramification locus, as well as the relationship between
Ss-covers and triple covers. We conclude in Chapter 5 with a brief outline of areas
of future research now amenable to study, given our new understanding of the local

structure of Ss-covers.



Chapter 2
Preliminaries

Summary: We recall the definition of a G-action on a scheme, for a finite
group G. We also examine a standard decomposition of Ox|[G]-modules

on a scheme X over a field k of characteristic not dividing the order of G.

2.1 Group actions

Definition 2.1.1. Let GG be a finite group. Given a category C' and object X of C,

a G-action on X is a group homomorphism
p: G — Aute(X).

The action is faithful if p is injective.

We will generally deal with the category of schemes over a given field k, or sheaves
on such a scheme. We will refer to a sheaf of Ox-modules with a G-action as an
Ox[G]-module.

Remark 2.1.2. More generally, if G is a group scheme over S, with group operation

given by m : G x5 G — G, then a G-action on an S-scheme X is a morphism

w:gGxg X —-X
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such that the diagram

mx1

gxgx X—0gx X

b l#

gxX X

w
commutes.

Given a finite group G, the associated group scheme is G = [], .~ S, and so a

el
morphism p : G X X — X corresponds to a collection of morphisrrfs {u(g) : X —
X}yee. The commutativity of the above diagram is then equivalent to the statement
w(gh) = u(g) o u(h) for every g,h € G; i.e., p defines a group homomorphism g :
G — Autg(X). Thus, in the case of finite groups, the general definition agrees with

the definition given above.

Example 2.1.3. Suppose X,Y are schemes and v a G-actionon Y. Let 7 : Y — X
be a G-equivariant morphism of schemes. We will show there is an induced G-action
on the sheaf 7,0y of Ox-algebras.

First note that for every g € GG, we have a commutative diagram of schemes

v(g)
X

and hence a commutative diagram of sheaves of Ox-algebras on X

Y Y,

D)

W*Oy = 7'['*1/(9)*0)/ 7r*(l;(g) W*Oy .
(WOM %
Ox

This defines a map of sets

v G—Autp, (7.0y) .

gr——>m(v(g™"))
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The presence of the inverse is required for v to define a group homomorphism.

Indeed, since v is a group homomorphism, given g, h € G, we have

v((gh)™") =v(h'g™") = v(h™)ow(g™).

Hence, the associated sheaf morphisms satisfy

v((gh)™)F = (w(h™)w(g™")F) o (k71

and so

Remark 2.1.4. When there is no risk of confusion, we will suppress the notation for

v, writing simply ¢ for the automorphism v(g).

Example 2.1.5. Suppose X is a scheme, F is a sheaf of Ox-algebras, and v is a G-
action on F. We will show there is an induced G-action on the scheme Y := SpecyF,
and that the induced G-action on 7,0y = F agrees with the original G-action on F.

Fix any g € G. Then ©(g™!) is an automorphism of F as a sheaf of Ox-algebras.
In particular, given any open U C X, we have an automorphism v(¢g~!)(U) : F(U) —
F(U) of Ox(U)-algebras, and these morphisms agree on intersections. This induces
an automorphism of Spec F(U) over U, and these glue to give an automorphism
v(g9) : Y — Y over X. This construction is clearly inverse to the construction in the
previous example.

Caution. Note again that, because of the contravariance of Spec, it was necessary
to induce the scheme automorphism corresponding to g from the sheaf automorphism

corresponding to ¢! (to ensure v defined a homomorphism).
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2.2 Standard decomposition of Ox|GJ-modules

Suppose k[G] has a decomposition into left ideals

KG) = éBi

such that if e = )", ¢; with ¢; € B, then each ¢; lies in the center of k[G], €7 = ¢,
and e;e; = 0 for ¢ # 7.

Remark 2.2.1. If k is algebraically closed, then by Maschke’s theorem such a decom-
position always exists. In this case, the B; are the so-called simple components of
k[G], and correspond to irreducible k-representations p; of G. Moreover, the element

e; is given explicitly by

deg x; _
€; = G Z Xl(g l)ga
Gl 2=

where y; is the character afforded by the representation p; ([13, §8.3, 8.5]). As we’ll
see in Chapter 4, in the case of the group S3 the above formula holds even when £ is

not algebraically closed.

Now, suppose A is a k-algebra and M is any left A[G]-module. Since e; lies in the
center of k[G], multiplication by e; defines a left A[G]-module morphism g, : M —
M, which is a projection since €? = e;. Let M; denote the image submodule. Since
e = ) .e; acts as the identity on M, we have M = ) . M;, and since e;e; = 0 for
1 # 7, we actually have M = @&;M;. Let us call this the standard decomposition
of M.

The following proposition ensures we can sheafify these notions.

Proposition 2.2.2. Let X be any k-scheme and F any quasicoherent O x[G]-module.
Then there are Ox|G]-submodules F; C F together with a direct sum decomposition
F = @ F; such that for every open U C X, F(U) = &;Fi(U) is the standard decom-
position of F(U).

Proof. We can k-linearly extend the G-action

i G — Auto, (F)
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to a ring homomorphism

i : k[G] — Endo, (F).

Define ¢; := fi(e;). For every open set U C X, the morphism ¢;(U) : F(U) — F(U)
is precisely the morphism representing multiplication by e; € k[G], and hence F(U) =
@;im(¢;(U)) is the standard decomposition of F(U). The result therefore follows if
we can show the image presheaves im(¢;) are already sheaves.

Note that the presheaf im(¢;) is automatically separated, since it is a sub-presheaf
of a sheaf. Now suppose {U,}, is an open cover of an open set U C X. Suppose
5q € F(U,) are sections such that ¢;(Us)(sa)|v.nus = ¢:(Up)(8s)|v.nu, for every a, 3.
Since F is a sheaf, there exists t € F(U) such that t|y, = ¢;(Us)(sa) for every a.
Then observe that

¢i(U)()|ve = ¢i(Ua)(tlv,) = ¢i(Ua)(9i(Us)(a)) = ¢i(Ua)(sa),

since ¢; o0 ¢; = /1(3?) = fi(e;) = ¢u. O

Remark 2.2.3. Suppose k is algebraically closed, and suppose the representation p;
(corresponding to the component B;) is one-dimensional. In this case, the associated
character y; is a group homomorphism. Then we claim F; is the y;-eigensubsheaf of

F; i.e., for every open U C X,

FiU)={secFU)|g-s=xilg)s VgeG}.

Indeed, first suppose s € F(U) and g - s = x;(g)s for every g € G. Then

Hi(U)(s) = e;- s—|G|ZxZ g mzxz il

geG geG

ZXZ §=— Zs

QGG gEG’

I
»
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and hence s € im(¢;(U)) = F;(U).
Conversely, suppose s € F;(U), so s = ¢;(U)(t) for some t € F(U). Then for
every g € G,

In particular, if we assume p; corresponds to the trivial representation, then F; = F¢
is the subsheaf of G-invariant sections.

It follows that if G is abelian (and k is algebraically closed), then the decompo-
sition F = @X F is an eigensheaf decomposition, in which G acts on the sheaf F,
as multiplication by the character y. It should be noted that in the case F = 7,0y
for a morphism 7 : ¥ — X from a G-scheme Y, the action of ¢ on F is induced by

the action of g~!

on Y, and for this reason some authors (such as Pardini, in [12])
consider F to be the x~'-eigensheaf of F (or, in the case F is invertible, F ' is

considered the y-eigensheaf).



Chapter 3
(G-covers: A summary

Summary: We recall the definition of a G-cover and outline the gen-
eral method of constructing such covers. We also briefly investigate their

geometry, including branching and ramification.

3.1 Definitions

Definition 3.1.1. Let X be a k-scheme. A G-cover of X is a k-scheme Y together
with a faithful G-action on Y and a finite morphism 7 : Y — X which is a geometric

quotient for this action.

Remark 3.1.2. For a reference on geometric quotients, see [11]. For our situation, we
only need that the property of being a geometric quotient is affine local on the target,
and that a morphism of affine schemes, Spec B — Spec A, is a geometric quotient

if and only if B = A. Thus, in our case, 7 is a geometric quotient if and only if

(W*Oy)G == Ox.

Proposition 3.1.3. Suppose X,Y are integral, Noetherian k-schemes andm : Y — X
1s a flat G-cover. Let m,Oy = &;F; be the standard decomposition of m,Oy .
Then F; is a locally free sheaf of rank equal to the dimension of B; (over k).

Remark 3.1.4. In the case G is abelian (and k is algebraically closed), it follows the

F; are all invertible sheaves.

10



CHAPTER 3. G-COVERS: A SUMMARY 11

Proof. Suppose Spec A C X is any affine open (and hence A is an integral, Noetherian
k-algebra). Since 7 is a finite, flat morphism, we have 7~1(Spec A) = Spec B for
some finite, flat A-module B. It follows that B is a free A-module, since any finitely
generated flat module over a Noetherian ring is free. Thus, 7,0y is locally free. Each
F; is already coherent, being a direct summand of a coherent sheaf on a Noetherian
scheme, and now each is also the direct summand of a finite rank locally free Ox-
module. It follows that (F;), is a direct summand of a finite rank free Ox ,-module
for every # € X, and hence (F;), is a projective Ox ,-module. Since Oy, is a local
ring, this implies (F;), is a free Ox -module [4, pp. 622-4]. Thus, F; is a coherent
sheaf on a locally Noetherian scheme, with (F;), a free Ox ,-module for every x € X,
and hence is locally free [5, pg. 124].

We now calculate the rank of F; over the generic point £ of X. Let E de-
note the function field of Y. As above, let Spec A C X be an affine open subset,
with 771 (Spec A) = Spec B for some finitely generated free A-module B. Then
Oy |speca = AAE ., where 4B denotes B considered as an A-module (rather than as a

ring), and so

b
(’/T*Oy>§ = (AB)(O) = {a ’ be B,a S AX} .

We plainly have (AB)(O) C Bg). Conversely, suppose bﬁ, € Bg). Since 7 is a geometric

quotient, there is an induced G-action on B with B¢ = A. Then observe that

b [] gV

b . geG\e o b’
v H g-v a’
geG

where a € A = B®. Thus, (“B)) = B, and hence (1,0y)¢ = E.

Now, we plainly have
K = Ag) = (B)) C (B)® = E°.

On the other hand, suppose £ € (By))®. Since B = (“B)(), we may assume
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V¥ =a€ A= B But then
b g-b
a a a
for every g € G, hence g - b =10 for every ¢ € G, and hence b € B¢ = A,
Thus, F/K is a Galois field extension with group G. By the normal basis theorem,
it follows that £ = K[G] as K[G]-modules ([7, pg. 283]). By Proposition 2.2.2,
B = 7,0y (Spec A) = &, F;(Spec A) is the standard decomposition of B. Tensoring

with K[G] over A[G] (i.e., localizing at (0) C A) then gives
K[G] = E = By = (*B)@) = ®i(F)

as the standard decomposition of K[G] (as a k[G]-module). It follows that (F;)e =
K|G] ®yc) Bi, and hence dimg (F;)e = dimy(5;).

U

3.2 Constructing G-covers

Suppose X, Y are integral, Noetherian k-schemes. We have seen that if 7 : Y — X is
a flat G-cover, then Y = Spec 71,0y and 7,0y = &,;F;, with F; a locally free sheaf

of rank equal to the dimension of B; over k. This motivates the following definition.

Definition 3.2.1. Let X be an integral, Noetherian k-scheme. Let {F;}?, be a
collection of locally free O x-modules, indexed by the ideals in our fixed decomposition
k|G| = &, B;, and assume rank(F;) = dimy(B;) for each i. We call such a collection

building material for a G-cover of X.

Given building material {F;}, let A := @;F;. To construct a G-cover, we must
define the appropriate G-action on A, as well as a (commutative, associative) algebra

structure on A compatible with this G-action.

Definition 3.2.2. Given building material {F;};, we define building instructions
for a G-cover of X to be a collection of group homomorphisms v; : G — Aute, (F;)

and sheaf morphisms p;; : F; ® F; — A such that:

(i) the decomposition A = @,;F; is the standard decomposition of A; and
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(i) the p;; define an algebra structure on A compatible with this G-action such
that A% = Ox.

Suppose we are given building material and instructions, as above. Compatibility
of the algebra structure with the G-action is the statement that for every g € G and

indices 7, 7, we have a commutative diagram

vi(9)®v;(9)

Fi® F; Fi® F;
Ml luij
A ®rvi(9) A

Remark 3.2.3. If G is an abelian group (and k is algebraically closed), then compati-
bility with the group action implies factorizations F, ® F,» — F,,. Since the sheaves
F, are invertible, such a morphism is equivalent to a global section of the invertible
sheaf F~ l® ‘7:;,1 ® Fyy- This is the situation when G is an abelian group, and one
can ultimately show these sections are closely related to the branch divisor of the

cover.

Definition 3.2.4. Given building material {F;}; and building instructions for a G-
cover of X, define Y := Specy & F;. Then 7 : ¥ — X is a finite morphism with
(7.0y)¢ = Ox, and hence is a geometric quotient. We call 7 : Y — X the standard

G-cover associated to the building data, even in the case Y is not integral.

Remark 3.2.5. There is no a priori reason a cover so constructed is flat.

3.3 Ramification and branching

Remark 3.3.1. The results of this section will not be used in subsequent sections, and

are presented here only to illustrate some of the local geometry of G-covers.

Throughout this section, assume k is algebraically closed.

Definition 3.3.2. Suppose 7 : ¥ — X is a G-cover. For each g € G, define the

g-ramification locus of 7, denoted Ry, as follows. Let I'y(y) : Y — Y xx Y denote
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the graph morphism of v(g), and A : Y — Y x x Y the diagonal morphism. Then R,
is defined to be the fiber product

R, y

l lrv{g)
Y

T)YXXY

Remark 3.3.3. Since 7 is finite, it is separated, and hence A is a closed immersion.
It follows that R, — Y is also a closed immersion, and so we can identify R, with a

closed subscheme of Y. As a set,

Ry={yeY|g-y=y}.

Definition 3.3.4. The (total) ramification locus of 7 is the closed subscheme

given by the union over all nontrivial g-ramification loci; i.e.,

R:= ] R,CY.

geG\e
The branch locus of 7 is the scheme-theoretic image of R under 7.

Remark 3.3.5. Since 7 is finite, it is proper and hence closed. Therefore the set 7(R)
is a closed subset of the integral scheme Y, and D is the reduced induced subscheme

structure on the set 7(R).

Remark 3.3.6. If 7 is flat, then Zariski’s “purity of branch locus” guarantees R C Y
is a Q-Cartier divisor and D C X is a Cartier divisor [15].

Definition 3.3.7. Suppose 7 : Y — X is a flat G-cover. Let T' C R be an irreducible
component, and let 1y be the generic point of T. The inertia group of 7' is defined
to be the subgroup

Hr:={g€G|g-nmr=nr} <G

Lemma 3.3.8. Suppose X,Y are integral, Noetherian k-schemes and 7 :Y — X 1is
a flat G-cover.
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Then there is an induced faithful G-action on the function field of Y. Moreover,
if a subgroup H < G fixes a point y € Y, then there is an induced faithful H-action

on Oy, (as a local Ox () -algebra).

Proof. Let n be the generic point of Y, and let v denote the G-action on Y. Take any
g € G. Then v(g~!) must fix n and hence induce an automorphism u(g_l)% of Oy,
as a local Ox (,-algebra. This gives a set map 7 : G — Auto, (Oy,,), which one
readily checks is a group homomorphism.

By Examples 2.1.3 and 2.1.5, the faithfulness of v on Y is equivalent to the
faithfulness of 7 on 7,Oy. Thus, if ¢ is nontrivial, there exists some affine open
Spec A C X such that 7(g)(Spec A) : 7.0y (Spec A) — 7, Oy (Spec A) is nontrivial.
By hypothesis, 77 !(Spec A) = Spec B for some free A-module B, which is also a ring
and an integral domain. Since B is integral, we have an inclusion B C By = Oy,
respecting the G-actions; since the action of g on B was nontrivial, it follows that the
action of g on By = Oy, must also be nontrivial.

By the same argument, given any subgroup H < G and point y € Y fixed by
H, there is an induced H-action on Oy,. Let SpecA C X be any affine open
neighborhood of 7(y). Then again 7~!(Spec A) = Spec B for some free A-module B,
and y is represented by some prime ideal p C B. Since H fixes y, the induced H-action
on B preserves p, and hence induces an H-action on B,. Since (By)) = By = Oy,
the H-action on B, = Oy, induces the faithful H-action on Oy, and hence must

also have been faithful. O

Now suppose 7 : Y — X is as in the lemma above, and further suppose Y is
normal. Let 7" C R be an irreducible component. Then there is an induced faithful
action of Hr on Oy,,. Let m C Oy,, denote the maximal ideal. Since every
automorphism of Oy, must preserve m, we have an induced Hp-action on m, and
hence also on m/m?. Since 7y is a codimension 1 point of the normal, integral scheme
Y, we have dim Oy, = dimy(m/m?) = 1. (Note that, since k is algebraically closed
and 7p is a codimension 1 point of Y, the residue field of nr is necessarily k.) Thus,

the Hr-action on the cotangent space m/m? gives a one-dimensional k-representation
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of HT,
@ZJT . HT — le (m/mQ) =k*.

The following two propositions carry over unchanged from the abelian case [12].
Proposition 3.3.9. ¢r is an injection, and hence Hr is cyclic.

Proof. Since Y is Noetherian and G is a finite group, we have an injection Oy, —
Oy, = k[[z]] compatible with the Hp-actions. In particular, the Hp-action on
k[[z]] is faithful. Now suppose, by way of contradiction, there exists some nontrivial
h € ker(¢r), and so h-x = x mod (z)?. Since h acts nontrivially on x in k[[z]], we

must have h -z =z + ax® mod (x)**! for some s > 2 and a € k*. But then
= htrl . ¢ =2 4 |Hp|az® mod (x)*+.

Since a € k* and char(k) { |Hr|, this is a contradiction. O

Proposition 3.3.10. There exists a choice of generator t € m C Oy, such that for
every h € Hrp,
het = vr(h)t

m OYJ]T .

Proof. By the previous proposition, Hr is cyclic and ¥ generates the k-characters of
Hr. Let h € Hy be a generator, and let ¢ := ¢r(h) € K, (so ¢ is a primitive |Hp|"
root of unity). By Maschke’s theorem, k[Hr] = @], C;, where Hy acts on C; as ¢b.

Let t' € m be any generator, and let ¢’ = ). t; be the decomposition induced by
the standard decomposition of m (as a k[Hp|-module). Define z; to be the image of ¢;
under the inclusion Oy, < Oy, = k[[z]]. For each z; € k[[z]], write z; = a; + bz

mod (x)? for some a;,b; € k. Observe that

hs.;p:hs.zxi:Zhs.xi:Z(@Z)%(h))sxi :Zgisxi

%

= Zg%i + (Z Cisbi> x mod (7).
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Since h preserves (x) C k[[x]], we must have h® -z € (z), and hence Y, (**a; = 0 for
every s > 0. Thus,

1 1 e 1 ao
1 ¢ oo (ML a _g
1 (=t C(|HT|*1)2 Q-1

Let L denote the above Vandermonde matrix. Multiplying by the adjoint of L gives
(det L)@ = 0. Since L is Vandermonde,

detL=J[ (=0,

0<i<j<|Hr|—1

which is nonzero (since (7 = p(h?), 1 is injective, and h generates Hy). Thus, we
must have a; = 0 for all 4, and hence z; = b;x mod (z)? for all 7.

Now, since h acts on m/m? by (, the same is true on (z)/(z)?% ie., h* -z = (*z
mod (z)?. This implies (3, (*b;) @ = (*z mod ()?, and hence Y, (**b; = (*. From
this we conclude Y, ¢**(b; — ¢}) = 0 for all s, which implies

bo
by —1
L bg - 6
L b|HT|_1 i
By the previous argument, this implies by = by = -+ = by, =1 = 0 and b; = 1. Thus,
71 =z mod (z)?, and hence t; = mod m?; i.e., t; is the desired generator. O

Now, let Dg C D be an irreducible component of the branch locus, and suppose
Ty, Ty, C 7 Y(Dy) C R are irreducible components, with generic points 7, 12, respec-

tively. Since 7 : Y — X is a geometric quotient, 1,7 lie in the same G-orbit, and
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hence 1, = g - 71 for some gy € G. We then have

Hr,={g€G|g-m=mn}
={9€G|gg90-m=g0-m}
={9€Glgy 990 -m=m}
:gOHTlgO_I'

Moreover, we have a commutative diagram

Pr.
HTl(—1> kX,

Cyp lN
Y,
HT2(—> 3

where Cy, is conjugation by gyo. Hence, the induced representations on the corre-
sponding cotangent spaces are isomorphic.

Thus, to every irreducible component Dy C D we can associate the conjugacy class
[H] of a cyclic subgroup H < G, together with a generating character ¢ : H — k*.
For every component T' C 7 1(Dy), there is some g € G such that Hp = gHg™! and
Yr =1 o Cyr.



Chapter 4
Sa-covers

Summary: We first explicitly decompose the ring k[S3]. Using this de-
composition, we make a detailed analysis of flat Ss-covers, obtaining a
local characterization of such covers. We also examine ramification, as

well as the relationship of S3-covers to triple covers.

4.1 The ring k[S;]

Fix generators o,7 € S3, say 0 = (1 2 3),7 = (2 3). Write an arbitrary element of
k[Ss] as

V= aop€ + a10 + a202 + as7T +aq0T + a5027',
for a; € k. The (left-) action of S5 gives

oV = age + ago + a102 + asT + aszoT + a4027

2, 2 2
oV = ai1e+ a0 + ago0” + a4T + a50T + az0°T

TU = az€ + a50 + a402 + agT + asoT + a1027'
OTVU = Q€ + a30 + a5a2 + a7+ apoT + a2027'

O°TVU = a5€ + Q40 + (1302 + a7 + a107 + a00'27'.

19
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Let
By = span,(e + 0 + 0* + 7 + o1 + 0°7),

which is the two-sided ideal consisting of all invariant vectors. Similarly, let
By = span,(e + o +0° — T — o1 — 0°7T),

which is the two-sided ideal consisting of all vectors on which S; acts as the sign
character.
Let Bs denote the complement of By & By C k[S3]. One can readily check Bj is a

two-sided ideal, with a basis given by {uy, us, vy, v2}, where

U =—e+o+7—0°7T
_ 2

Ug = —0+0" —T+0T
_ 2

v =—€e+0" +T7T—0T

vzze—0+07—027.

Under the decomposition k[S3] = By @& By @ Bs, the identity decomposes as e =

e1 + es + e3, where

1
61:6(€+0+02+7‘+O’7’—|—02T),

27_)’

1 2
62:6(e+0—|—0 —T—0T—0

and

1
es = 5(26 — 0 —0d?).
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4.2 Constructing Ss-covers

Suppose X, Y are integral, Noetherian k-schemes and 7 : Y — X is a flat G-cover.
Then 7,0y = Ox & Fo @ F3, where Fy and F3 are locally free Ox-modules of ranks
1 and 4, respectively, and where S3 acts as multiplication by the sign character on
Fo, and e; acts on F3 as the identity for i = 3 and as 0 otherwise.

For notational simplicity, let A = m,Oy. The algebra structure on A is given by

an Ox-linear morphism A ®p, A — A, which is equivalent to a morphism

(Ox ®oy Ox) ® (Ox ®oy F2) ® (F2 ®oy Ox) @ (Ox ®oy F3) ® (F3 @0, Ox)
D (FQ ®(9X .FQ) @ (FQ ®(9X Fg) D (f‘g ®OX :Fz) D (fg ®(9X f3) — A.

The first coordinate of this morphism gives the algebra structure on Oy, and the
next four coordinates give the left and right Oyx-module structures on F, and Fj,
respectively. It remains to analyze the last four coordinates. Compatibility with the
Ss-action implies several factorizations.

Fix any affine open U C X, and suppose t1,ty are any two sections of Fy(U).

Then for every g € S3, we must have

gt ®@t2) = (g-11) ® (g - t2) = (sgn(g)t1) ® (sgn(g)ta) = (sgn(9))*(tr ® t2) =t D o,

and so the image of ¢; ® t5 must lie in the summand of invariant sections, Ox (U).

Thus, we have a factorization
~7:2 ®OX fQ - A .

.

Similarly, suppose t is any section of F5(U) and z is any section of F3(U). Then we

must have
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63~(t®aj):%(2e~(t®x)—0-(t®x)—a2~(t®x))

= (t®(20) 18 (r-7) ~ 1 (0 2))

1
:t®(§(2x—0~x—02-x))
:t®(€3‘l’)
=t® .

Thus, the image of ¢ ® z must be a section of F3(U), and hence we must have

factorizations
Fa®oy Fs—=A, F3®o0y Fo——A .

P23 j P32 j
F3 F3
Commutativity of the algebra structure implies the following further factoriza-

tions:
Fa®oy Fo—>0x, F3Qo0xF3s——=A,

| LA

S2F, S2Fy

Fo Rox F3 & F3

J/E P32
F3 @0y Fo

Compatibility with the Ss-action forces many additional relations, however, as

does associativity. We examine these relations in the following sections.
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4.3 Local analysis

4.3.1 Description of covers: Part 1

The aim of this section is to understand the local structure of flat Ss-covers. We first

prove the following

Lemma 4.3.1. Suppose 7 :Y — X is a flat S3-cover, and let m,Oy = Ox & Fo ® F3
be the standard decomposition. Let U C X be any affine open such that Fs|y is a free
Ox|v-module.

Then there ezists a basis {1, x9,y1,y2} for F3(U) such that

O'(.I'1> = T2 0'(56'2) = —T1 — X2

7(r1) = —11 T(22) = 21 + X2

and similarly for yi,ys.

Proof. Let

1
e3) = g(e —0*— o7+ 0°7)

and
1 2
€30 = g(e—a—i-m'—a T).
Observe that ez = ez + €32, €2, = e3; and ezjezn = 0 = egge3;. We therefore have a
direct sum decomposition F3(U) = M; & My, where M; is the image submodule of
multiplication by es;.
Next, observe that

_]' 2 2 —
7'632—5(7'—0' T+0"—0)=esT.

Thus, 7|, maps My to M. Since 7 is an order two automorphism of F3(U), we thus
have that 7 isomorphically interchanges the summands M; and M. In particular, M;
and Mj are both rank 2 submodules. Let {vq, v} be a basis for M,. Then {7-vy, 7-v9}

is a basis for My, and so {vy, vy, 7 - v1, 7 - v2} is a basis for F3(U).
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Now define

1 =V —T- U1
Lo =0 -V —O0T -V
Y =02 =T V2

Yo = 0 -V — 0T - V3.

We claim {x1, zo, y1, 92} is the desired basis.
By construction, we have o - 1 = x4 and 7 - 21 = —x, and similarly for yy, ys.

Next observe that, since ez acts as the identity on F3(U), we have
1
5(26—0—02)'825,

and hence
s+o-s+0’-5=0,
for every s € F3(U). In particular, we have

O"CL'Q:O'Q'ZL‘l:—.’L'l—O"[L'l:—371—1'2,

T'$2:TU'I1:U2T'I1:—02'I1:$1+ZE2,

and similarly for yy, ys.

Thus, it only remains to check the set {x1, z2,y1,y2} is a basis. Observe that

1
= 5(0 — 0?4+ 0% —7T) = —Tesy.
Since es, acts as the identity on My, this implies o-v; = —7-v;. Thus, o7-v; = —02-v;,
and hence
x2:a-vl—a7'-v1:0-01—1-02-1)1:—1)1,

and similarly for ys.

So, the set {x1,22,91,y2} is indeed a basis, with inverse change of coordinates
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given by
V1 = —T2
Vg = —Y2
T -V = —T1 — T2
T V2 = —Y1 — Y2.

]

Definition 4.3.2. We call any basis satisfying the conclusion of Lemma 4.3.1 a

representation basis for F3(U).
The aim of the remainder of this section is to prove the following
Theorem 4.3.3. Assume X is an integral, Noetherian k-scheme.

(a) Suppose w 1 Y — X is a flat Ss-cover, with Y an integral, Noetherian k-
scheme. Let 1,0y = Ox ® Fy® F3 be the standard decomposition of m,Oy. The
multiplication in A = m,Qy is determined by a triple of Ox-linear morphisms
O S?Fy — Ox, 0 : Fo @ Fy — F3,0 : S?F3 — A. Let U = SpecA C X be
any affine open such that Fo|ly and F3|ly are free Ox|y-modules. Let t be any
generator of Fo(U).

Then there ezists a representation basis {1, xe,y1,y2} for F3(U) such that the
morphisms ¢,1, and 0 are locally of the form

P(t) =a
Y(t @ 1) = b(y1 + 2y2)
Y(t @ x9) = —b(2y1 + y2)
Dt y) = —%(xl + 2,)
Dt @ yp) = %(le + 1)
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3b2
0(x7) = d — fs(z1 + 2x2) + Tfs(yl + 2y5)

2
9({E1$2) = —g - fs(xl - $2) + %fé(yl - y2)

O(z1y1) = fs(xy + 229) + f5(y1 + 292)

O(x1y2) = it + fs(x1 — z2) + f5(y1 — y2)

2b
ad a
0(y;) = 30 @fdxl + 2w9) — fa(y1 + 212)
ad a
O(y1y2) = e + @ff)(iﬁ —29) — f3(y1 — y2)

3b2
0(x3) = d+ f5(2x1 + x2) — Tfs(le +12)

O(x2y2) = —f3(221 + z2) — f5(201 + 12)

O(xoy1) = —it + fs(x1 — 22) + f5(y1 — v2)

2b
ad a
0(y3) = 32 @f5(2$1 + x2) + f3(2y1 + 112),

for some a,b, fs, fs € A, with a,b nonzero, f3 and f5 not both zero, and d =
6(2 13 + f2).

(b) Conversely, suppose Fo and Fsz are locally free Ox-modules of ranks 1 and 4,
respectively, and let A = Ox & Fy & F3. Suppose Fa, F3 are equipped with
Ss-actions such that A = Ox ® Fo @ F3 is the standard decomposition of A.
Suppose ¢ : S?°Fy — Ox, 00 : Fo @ F3 — F3,0 : S?°F3 — A are Ox-linear

morphisms locally of the form described above.

Then these morphisms induce an Ox-algebra structure on A compatible with

the Ss-action, and hence define an Ss-cover w: Specy A — X.

We break the proof of this theorem up into three lemmas. For the remainder
of this section, assume JF, and F3 are locally free Ox-modules of ranks 1 and 4,
respectively. Letting A = Ox @& F, & F3, further assume Fs, F3 are equipped with
Ss-actions such that A = Ox & F, & F3 is the standard decomposition of A.

For notational simplicity, we shall suppress the notation for ¢, 1) and 0; e.g., writing

simply tzy for ¥(t ® x1).
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Lemma 4.3.4. Suppose U = Spec A C X is an affine open such that Fa|y and Fs|y
are free Ox|U-modules.. Let t be any generator for Fo(U) and {1, xs,y1,y2} be any
representation basis for F3(U). Then every integral algebra structure on A compatible

with the Ss-action is locally of the form

t* =a
try = by (1 + 222) + bs(y1 + 2u0)
trg = —by1 (221 + 22) — b3(2y1 + y2)
tyy = c1(zy + 222) — bi(y1 + 2y2)
tys = —c1(221 + 22) + 01(2y1 + 12)
2t = dy + dy(z1 + 222) + ds(y1 + 2y2)
T1Tg = —%d1 + et + €311 — d3To + e5y1 — dsye
1y = fi + f3(x1 + 222) + f5(y1 + 2y2)
T1Ye = _%fl + gat + g3x1 — f32 + gsy1 — [f5y2
y: = hy + ha(z1 + 229) + hs(y1 + 2y2)
Y1ys = —%lh + Jat + Jax1 — hsre + Jsy1 — hsye
x5 = dy — d3(221 + 72) — d5(2y1 + o)
Toys = f1 — f3(221 + 22) — f5(2y1 + 1)
Toyr = —%ﬁ — g2t + f3x1 — gsx2 + f501 — G5Y2

y% = hl — h3(2.’L'1 + x2) - h5(2y1 + y2)7

for some a,b;,c;, di, €, fi, gi, his ji € A, with b 4 bse; = —&.

Proof. Suppose
t?=a

txy = bizy + bazy + bsyr + bayo
tyr = c1x1 + Cog + C3y1 + CaYo
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for some a,b;, c; € A. Compatibility with the action of o forces

tog =t-o(x)) = o(o?(t) - 21) = o(tx))
= 0(byx1 + baxa + bsyr + bayo)
= bio(21) + bao(22) + bso(y1) + bao(ya)
= b1xg + bo(—21 — 22) + b3ys + ba(—y1 — 1)
= —byx1 + (by — bo)wy — byys + (b3 — by)yo.

Similarly,

tys = —com1 + (c1 — C2)T2 — catp + (3 — Ca)yo.
Compatibility with 7 forces additional restrictions. We compute

T(txy) = 7(byxy + baxa + b3yr + bayo)
= —bix1 + ba(1 + 22) — b3y1 + ba(y1 + y2)
= (by — b1)x1 + baway + (bs — b3)ya + bayo
(1) - T(21) = (1) - (—21) =ty
= D121 + by + bsyy + byys.

Equating coefficients yields by = 2bq, by = 2b3. The same calculations for the relation
T(ty1) = 7(t)7(y1) yield ca = 2¢1, ¢4 = 2c3. Thus, the situation has already simplified
to

t? =a
try = bi(z1 + 222) + bs(y1 + 2y2)
twy = —b1 (271 + w2) — b3(2y1 + y2)
tyr = c1(x1 + 2x9) + c3(v1 + 2y2)
tys = —c1(221 + x2) — c3(2y1 + y2).
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Associativity of the algebra implies several more conditions. We compute

t-(txy) =1t (byxy + 2b129 + b3y + 2b3ys)
= b1(bix1 + 20129 + b3yr + 2b3y2) + 201 (—2b1x1 — byxs — 2b3y; — b3ys)
+ bs(c1z1 + 2c102 + c3y1 + 2¢3y2) + 2b3(—2¢171 — 122 — 2¢3Y1 — C3Y2)
= —3(b? + bscy)xy — 3bs(by + c3)y1.

Since (t?) - 1 = axy, equating coefficients gives

—3(b% —+ bgcl)
b3<b1 -+ Cg)

a (4.3.5)
0. (4.3.6)

A similar computation for the relation ¢ - (ty;) = (t?) - y; yields

C1 (bl + Cg)

0 (4.3.7)

—3(bser +c3) = a. (4.3.8)

Note that the relation ¢ - (tx9) = (¢?) - x5 is now automatically satisfied:

t-(twy) =t - (to(zy)) = ot - ta)) = o(t* - 11)

t?-o(xy) =12 - 2o

Similarly, the relation ¢ - (tys) = t* - yo is also now satisfied.
Before examining the remaining products, observe that compatibility with ¢ im-

plies

vy = (0(21))* = o(a])

Tays = o(x1)o(y1) = o(z1y1)

2oy = o(x1)y = o (10°(1)) = —o (1191 + 7192)
s = (o(y1))* = a(yi)-



CHAPTER 4. S3-COVERS 30

So, it suffices to understand the six products 2%, 112o, T1y1, T1Y2, y? and y,y2. Suppose

2} = dy + dot + d3xy + dyzo + dsyy + deys
T1T2 = €1 + exl + e3x1 + eqTa + esy1 + €Yo
r1y1 = f1+ fot + fsz1 + faze + fsy1 + feye
T1Y2 = g1 + gol + G321 + GaT2 + GsY1 + geY2

y? = hy + hot + hamy + haxa + hsys + heye
Y1y2 = J1 + Jat + Jsx1 + JaZa + Jsy1 + JeYe,

for some d;, e;, f;, gi, hi, j; € A. Note that by our previous observation, we then have

r3 = dy + dot — dyxy + (ds — dy)wy — dgy1 + (ds — dg)ya
Toys = f1+ fol — fawr + (fs — fa)za — foyr + (f5s — fo)y2
Tayr = —(fi+91) — (fa+ g2)t + (fa+ g)z1 — (fs — fa+ g5 — ga) 22
+ (fo +96)y1 — (fs — fo + 95 — go)y2
Ys = hy + hat — hyx1 + (hs — ha)xs — heys + (hs — he)ya.

Compatibility with 7 imposes many relations. We compute

7(22) = dy — dat + (dy — ds)x1 + dyxo + (dg — ds)y1 + deyo
(7(21))? = dy + dot + dzzy + dyxa + dsyr + deye
T(z122) = €1 — eat + (e4 — €3)x1 + €420 + (€6 — €5)y1 + ecy2
T(x1)7(22) = —(di +€1) — (da + e2)t — (ds + e3)x1 — (ds + €e4) 22
— (ds + e5)y1 — (ds + €6)y2
T(xy) = fr = ot + (fa = f)z1 + fawz + (fo = f5)p1 + foyz
T(x1)7(y1) = fi + fot + faz1 + fawa + fsyr + foye

T(21Y2) = g1 — got + (94 — g3)21 + gax2 + (96 — G5)y1 + J6V2
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T(x)7(y2) = —(fi + 91) = (fa+ g2)t — (fs + g3)1 — (fa+ ga)22
— (fs +95)y1 — (fs + g6)v2
7(y7) = ha — hat + (ha — hg)x1 + hata + (he — hs)y1 + heye
(7(y1))? = hy + hot + hazy + hyxa + hsyr + heye
T(y1y2) = j1 — Jot + (Ja — Ja)@1 + Ja2 + (Jo — Js)y1 + Jey2
T(y1)7(y2) = —(h1 + j1) — (ha + ja)t — (ha + j3)z1 — (ha + ja) 2
— (hs + js)y1 — (e + Jo)yo-

Equating coefficients in each pair, we find

dy =0, dy=2ds, dg=2ds

1
€1 = _§d17 eq = —dz, €= —ds

f2:0> f4:2f37 f6:2f5

1
g1 = —§f17 gs=—f3, g6=—fs
ho =0, hy=2hs, hg=2h;s

, 1 , .
1= —§h1, Ja= —hs, Jjs= —hs.

Lastly, we prove ¢3 = —bj. Suppose c¢3 # —b;. Equations (4.3.4)-(4.3.7) then
imply b3 = ¢; = 0 and b? = ¢ = —3. Since c3 # —by, the latter equality implies
by = c3. The situation is therefore

t? =a
try = by(xy + 225)
trg = —by (221 + 22)
tyr = b1(y1 + 2y2)
tys = —b1(2y1 + v2).

Integrality of the algebra implies a,b; # 0. Let us now begin analyzing additional



CHAPTER 4. S3-COVERS 32

associativity conditions. We compute

t-xi =t (dy + dsz1 + 2d3ws + dsys + 2dsys)
= dit + d3(byz1 + 2b1x9) + 2d3(—2b121 — byxo)
+ d5(biyr + 2b1y2) + 2d5(—2b1yr — biye)
= dyt — 3bidszx1 — 3b1dsy
try - x1 = (bizy + 2b1xs) - 14
= by (22 + 2713)
= 2byeat + by(ds + 2e3)x1 + by (ds + 2e5)y;.

Matching coefficients gives ey = ;_6117 e3 = —2ds, e5 = —2d5. It then follows that

1 d
t- T1To = t- <—§d1 + —1t — 2d3l’1 — ngEQ — 2d5y1 — d5y2)

2by
1 ad1
= ——dlt + —— - 2d3(b11‘1 + 261272) — d3(-2l)11’1 — bll‘g)
2 2b,
— 2d5(biyr + 2b1y2) — d5(—2b1yr — biye)
ad 1
= 2_b11 — édlt — 3()1(13.%’2 — 3b1d5y2

tQJl s T = (bll’l -+ 2()1272) )

1 d
=b (—§d1 + Lt — 2dyzy — dymy — 2dsy1 — d5y2)

2by
+ 2b1(di — 2d3x1 — dsze — 2dsy1 — dsyo)
3b1d 1
= ; L + idlt - 6b1d3$1 — Sbldgl’g — 6b1d5y1 — 3b1d5y2.

Matching coefficients gives d; = d3 = d5 = 0. But this implies 22 = 0, which violates

the integrality of A. m

We next prove we can change bases to obtain a simpler local form for the algebra

structure.
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Lemma 4.3.9. Suppose U = Spec A C X is an affine open such that Fs|y and Fs|y
are free Ox|y-modules, suppose A has an integral algebra structure compatible with
the Ss-action, and let t be any generator for Fo(U).

Then there exists a representation basis {x, %, y1,ys} for F3(U) such that the

algebra structure is of the form

)
tr) = B(y) + 2y3)
’ a

ty) = —3—3@/1 + 215),

for some nonzero a, B € A.

Proof. Let {1, x9,y1,y2} be any representation basis for F3(U). By the previous

lemma, the algebra structure is then of the form

t?*=a
try = bi(x1 + 272) + bs(y1 + 242)
trg = —by (271 + x2) — b3(2y1 + 1)
tyr = c1(x1 + 2m9) — by (1 + 2y2)
tys = —c1(221 4 22) + 01(2y1 + 42),

for some a, by, b3, c; € A, with a nonzero, not both by, b3 zero, not both by, c¢; zero,

and with b7 4 bgc; = —%.

Suppose uy, us, vy, vy € A satisfy uyv9 — usvy # 0, and consider the elements
I
Ty 1= U1y + Uy
I
Ty := U1T2 + U2Y2
/ Pyp—
Y1 = 0171 + V2l

/L
Yo 1= V1T2 + V2Yo.
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We have
(75} 0 U1 0
0 U1 0 U1

2
= (upv9 — ugvy)” # 0,
v 0 v 0 (u1v2 — upvy)

0 (5) 0 (%)

and so {x], x5, ¥}, y4} gives another basis for F3(U). For reference, the inverse change

of coordinates is

1

/ /
L1 = —(Uﬂl - U2?Jl)
U1V2 — U2V1
_ 1 ! /
L2 = —(UZ% - U2?J2)
U1V2 — U2V
_ 1 / /
Yy = —————(—v17) + Ulyl)
U1V2 — U2V1
_ 1 / /
Yo = —————(—v175 + Ul?h)-

U1V2 — U2V

Observe that

o(x]) = wo(x1) + u20(y1) = Wi Ts + Usys = T4

o(zy) = uyo(x) + uzo (y2) = us(—x1 — x2) + ua(—y1 — y2)
= —(w1my + ugyr) — (1T + ugya) = —T) — T

7(2)) = wiT(21) + uaT(y1) = —waT1 — ugyy = — )

T(23) = wiT(22) + uaT(yo) = wi (21 + 22) + ua(y1 + )

= (ulxl + Ule) + (uﬂ'z + uwz) = x/1 + 33/2,

and similarly for the y/. Thus, {z,x},y],y5} is another representation basis for
F3(U). We now calculate

tl’/l = Ul(tl’l) + Ug(tyl)
= uy (b1 + 2b179 + bsyy + 2b3y2) + uz(cr21 + 2¢102 — biyr — 2b1y2)
= (u1by + ugcy) (1 + 2x9) + (urbs — u2by ) (y1 + 2yo)
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Ulbl “+ Uy
—————— (v} + 2057 — Uy — 2uay))

U1V — U2V
u1bg — uzb ) ) ) )
—— (=2, — 2v1%5 + u + 2u
Uty — U2U1< 127 1T 1 193)
1 / /
= (—ul’Ulbg =+ Ul’Ugbl + U2U1b1 + UQ’U201>(ZE1 + 2%2)

ULV2 — U2V
1
FT——— (uibs — 2urugby — ujer) () + 2y5).

_|_

A similar calculation yields

1
(—vibs + 2u1v9by + vicy) () + 22%)

= ————
U1V — U2V
1
+ (U1U1b3 - u1v21)1 - UQ’Ulbl - U/Q/UQCl)(yi + 2y§)
U1V2 — U2V
Now, if b3 = ¢; = 0, let u1 = up = v; = 1 and vy = —1. Then ujvs—usv; = =2 #£ 0

and a calculation gives
try = bi(yh + 2y5)

—-& in this case).

and so the lemma holds, with B = b; (note that b; = 30
b and vy = 1. Then ujvy — usvy = 1 # 0, and

Ifbg %0, let Uy = 1,’&2:0,?]1 = b3’

again a calculation gives

tr) = bs(yy + 2ys)
a
ty), = —3—b3($/1 + 213),

and the lemma holds, with B = b3.

Finally, if ¢; # 0, let uy = 0,uy =
—1# 0 and a final calculation gives

1,v1 =1, and vy = —lc’—i. Then ©;v9 — w9 =
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to) = c1(yy + 2ys)

a
tyll = T30 (551 + 25”2)
1

and so again the lemma holds, with B = ¢;. O

We now fully analyze the local form of the algebra structure with respect to this

new representation basis, which will complete the proof of the theorem.

Lemma 4.3.10. Continuing the notation of Lemma 4.3.9, every integral algebra

structure on A compatible with the Ss-action is locally of the form

?=aq
tr] = B(y) + 2u3)

try = —B(2y; + 1)
a

t?/i "3R8 (5’71 + 2552)
a
12 ! / 3B2 / !
xy = Dy — F5(x] + 225) + TF 3(yy + 2y5)
1 3 B2

rixy = —§D1 — F5(x) — a5) + —Fz( — ys)

zyyy = Fy(x) + 2x5) + F5(yy + 2y5)

1
Ty = ﬁDltJers( ) + F5(y1 — s)
a a
L= st 332F 5(2) + 225) — Fs(yy + 2y5)
a
V1Yo = —@Dl + SBQFs(fcl rh) — F3(y) — ys)

3B2
af = Dy + F5(2x) + x4) — TF?,(QZA + 13)

Toyy = —F3(22) + x5) — F5(2y; + 1)
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1
Thyy = —ﬁDﬂf + F3(a) — %) + F5(y; — )
Yy = @Dl 332F 5(21) + x5) + F5(2y; + v3),

for some a, B, F3, F5 € A, with a, B nonzero, not both F3 and Fy zero, and D, =
2

6(35-F3 + F3).
Conversely, any multiplication structure locally of the above form defines an alge-

bra compatible with the Sz-action.

Proof. Let {x), 2}, v}, vy5} be a representation basis for F3(U) as in Lemma 4.3.9. By

Lemma 4.3.4, the remaining algebra structure must locally be of the form

2 = Dy + D3 + 2Dsa5 + Dsyy + 2Dsy}

Ty = _%Dl + Est + E3x) — D3xy + Esyy — Dsyl

2y = Py + Fyry + 2F3wy + Fyyy + 2F5y,

ThYy = —% |+ Gat + Gy — Fsrhy, + Gsyy — Fiyy
y? = Hy + Hax\ + 2Hxhy, + Hsy, + 2Hsy)

Yy = —%Hl + Jot + Jsz| — Hsxhy + Jsy; — Hsyh
zy = Dy — 2Dy — Dy — 2Dsy; — Dsyy

Thyy = 1 — 2F3x) — Farh, — 2F5y) — Fsyy

Thy, = —%Fl — Gt + F3a, — Gy + Fyyy — Gsy

yé2 = H1 - 2H3$1 Hgfljlz - 2H5y/1 - H5yé,

for some D;, E;, F;, G;, H;, J; € A, with not all of any given coefficient type zero. We

now begin imposing the remaining associativity relations. We compute
t-a?=t-(D;+ Dgxl + 2D33(:2 + D5y + 2D5y2)

a 2a 2a a
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= Dit + %Dg,x’l — 3BDsy,;
ta) - 2y = (By) + 2Byj) - )
= B(Fy + Fsx) + 2Fsxy + Fyy + 2Fsyb)
+92B <—%F1 + Gat + Gz — Fyay + Gy — Fsyé)
= 2BGyt + B(F3 + 2G3)x) + B(Fs + 2G5)y;

Matching coefficients gives Gy = 55D1, G3 = 3 (% D5 — F3), G5 = 5(—3D; — F5).

We next compute

t-2hy; =t (Fy + F32) + 2F3, + Fsy + 2F5y5)

a 2a 2a a
F: 7 2F; — 1
T ( 557~ 35+ 2P(ggn + 3B$2)

try -y) = (By) +ZB?/2)

1
+2B <—§H1 + Jat + Jsxh — Hywy + Jsyy — Hsyé)

Matching coefficients gives Jo = %Fl, Jz = %(%P% — Hj), J5 = %(—3F3 — Hj).

Next, we compute

t-y? =t (Hy + Hsa' + 2Hyah + Hsyy + 2Hsyb)

a 2a 2a a
+ Hs <_3_B$,1 - 3_355/2) + 2Hs (3—393/1 + 3—B$/2)

— Hyt+ %H5x’1 — 3BHyy,
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! ! a ! 2@ / /
ly; -y = “3gT1 T 3T ) W

a
— __3B(F1 + F3x| + 2F32% + Fsyy + 2F5ys)
2a 1 1 1/a
35 {‘iFl = gpDit+ Pt = 5 (gzDs — By) o)

1
+F5y, + §<3D3 + F5)yé}

a a a a a a
= @Dﬂf - EF?,UC& -3 <F3 - @Dt’)) Th — EF5y/1 - E(F&s + Ds)ys.
Matching coefficients gives Hy = 335Dy, Hs = —F3, D5 = %Fg,Hg = 352 b5, and
D3 = —F5 (hence also Gg = Fg,G5 = F5, Jg = #F& and J5 = —Fg)

Continuing, we compute

1 3B?

1
= —§D1t + aFy + E3(By, + 2By,) + F5(—2By; — By})

a 2a 3B? 2a a
E o l__ ! —_F = / _ /
* 5( 38" 33332) a 3(3Bx1+3Bm2)

1 a 2a

+ B(2E3 — Fj)y,
ta - xy = (Byy + 2Bys) - 2

1 1
=B (__Fl — — Dt + Fyxq — F3='L‘/2 + F5yi - F5yé>

2 2B
3 1

Matching coefficients gives Fy = %Fl, Es = %Fg, and E3 = —F5.

We next compute

1 1
t-aiyy =t- <—§F1 + ﬁDlt + Fsxi — Fsxy + Fyyy — Fwé)
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1 a
= —5Ft+ oD+ F3(Byy + 2By}) — F3(—2By) — By})
a 2a 2a a
# 1 (gt~ g) 5 (557 55%)
_ Cp ey Yy YRt 3BRY 4+ 3BF
—2Bl 21 B51 B52 3Y1 3Ys

txh - vy = (Byy + 2Bys) - s

a 1 a a
a 2a a
a 1 a a

Matching coefficients gives F} = 0, and hence Ey = 0 = Js.
We next compute
a a a
t- vy =t <__ D — —
it 63 ' 3B 382

a a a
= —@Dﬁ + @Fs(Byi +2Byj,) — @FL%(—?BZA — Bys)

a 2a 2a a

N a @ an, 4
= et g B gt 3

! / a / 2a / !
Yy Yy = _3_Bx1 - 3_3552 *Ys

a 1
- (—Dlt + Fiay — Fay + Fay) — F5y§)

Fy — Fyaly, — Fyyy + Fs?Jé)

Fyay + S Fyah, + Fyy,

3B \2B
2CL / / / /
— 3—B<—2F3x1 — F3x2 - 2F5y]_ - F5y2)
a a a a a

So, this relation is now automatically satisfied.

Lastly, we compute
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/ P
Ty Ty =T

12 /
xl °

- (P + 2F3xh, + Fyyy + 2F5y5)

3B2 632
=F3 (D1 — Fya) — 2F5ah + _F3y1 + TF:%Z/é)

1 3B2 3RB2
+ 2F3 (——D1 — Fsay + Frsay + TFS?A . F3y2>

2
1
+ 2F5 <2BD1t + Fyay — Fxy + Fryy — Fsyé)
1 9B?
= DiF5t + (TF:? + 3F52) Y,
3B? 682
Y = (Dl — Fsay — 2F52h, + Fs?h + _F33/2> U

= Dyy; — F5(Fsx) + 2F52h + Fsyy + 2F505)

1

3B? 2a
+ F3 ( ¢ D1 —+ F5.CL'1 F5l'2 ngll — 2F3yé)

a 3B? 3B2 3B?
632 a
+ TF?’ <—@D1 + 3BQF5SU1 332 g P57y — Fayy + Fsyé)
1 B?
= —D1F5t + (D1 - 9—F2 3F2) ’yi
B a

Matching coefficients gives Dy = 6(35°F? + F2).

After a long and laborious check, one verifies all remaining associativity relations

now hold.

]

4.3.2 Description of covers: Part II

The previous section succeeded in obtaining a local characterization of flat Ss-covers.

The natural next step is to search for a global description. We expect to characterize
such covers by a submodule of Hom(S2F,, Ox) ® Hom(F, ® F3, F3) & Hom(S*F3, A),

and we would like to find an intrinsic (i.e. basis-free) description of this submodule.
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For this task, however, the previous theorem possesses a serious defect. Given two
triples of morphisms (¢1, 11, 01), (¢2, 12, ) which define Ss-covers, it is not clear their
sum also defines an Ss-cover. The problem lies in the fact that the local form of the
algebra structure was described with respect to a special choice of representation basis,
dependent upon (¢, ). To remedy this situation, we require a general description of
the local form of the algebra structure in terms of any representation basis. To that

end, the aim of this section is to prove the following

Theorem 4.3.11. Assume X is an integral, Noetherian k-scheme.

Suppose w1 Y — X is a flat Ss-cover, with Y an integral, Noetherian k-scheme.
Let A = 1,0y = Ox & Fy ® Fz be the standard decomposition of 7,0y . The multi-
plication in A is determined by a triple of Ox-linear morphisms ¢ : S?Fy — Ox, v :
Fo@Fz — F3,0: S?°Fy — A. Let U = Spec A C X be any affine open such that Fs|y
and Fs|u are free Ox|y-modules. Let t be any generator for Fo(U) and {x1, 2, y1, Y2}
be any representation basis for F3(U).

Then the morphisms ¢, are locally of the form

o(t)
1)

)

® 1)

t® yo)

(4
(4
(8
(4

bi(w1 4 222) + b3(y1 + 2y2)
—b1(271 + 22) — b3(2y1 + ¥2)

c1(@1 + 2x2) — bi(y + y2)
—c1(2x1 + 22) + b1 (211 + y2)

@
(t®
(t®
(

for some a,by,bs,c; € A, with a nonzero, not both by, bs zero, not both by, c; zero, and

with b? + bzc; = —%. Furthermore, the morphism 8 is of one of the following forms:
i) If b3 =0 = ¢y, then 0 is of the form
0(x1) = ds(y1 + 2y0)

9(5171332) = d5(y1 - ?J2)
9(95191) = 3dshs
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O(x1y2) = —;d5h3 (1 + %t)
0(y7) = ha(a1 + 22,)
0(y1y2) = hs(@1 — x2)
0(z2) = —ds(2y1 + y2)
0(w2y2) = 3dshs

0(y3) = —hs(2z1 + 32),

for some nonzero ds, hs € A.

ii) If by # 0, then 0 is of the form

9(1’?) =D + dg(l’l + 21’2) —+ d5(y1 + 2y2)

1
O(zq129) = ——D + ds(x1 — 22) + ds(y1 — y2)

Bz1y) = —Z—;D - %(Zbldg + erds) (o + 22) — da(yn + 20)
0(21y2) = 2bb3D 2—231)75 - %(ledg, + c1ds) (w1 — ) — d3(y1 — o)
0(2) = glp + 1712 (( 3bsc, — %) ds + 2blcld5> (21 + 22»)

bl3 (2b1d3 + c1ds)(y1 + 2y2)
0(y1y2) = 201)13D + b12 (( 3bscy — %) ds + 2b101d5) (x1 — x2)
b13 (2b1d3 + c1ds) (31 — y2)
O(z3) = D — dy(21 + x) — d5(2y1 + y2)
0(zay2) = —Z—;D + bl (2b1d3 + c1d5) (221 + z2) + d3(2y1 + y2)
0(z2y1) = 2b—b13 - 2_b3Dt 613 (201d3 + crds) (21 — 22) — ds(y1 — y2)
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C1 1

4
0(y3) = ——D — = (| —=3bsc1 — = ds + 2byc1ds | (21 + x9)

1
_ E(2blal3 + c1ds) (2y1 + y2),

for some ds,ds € A, not both zero, and with

b 6
D= 6d§ - 12b—;d3d5 + % <—b301 + %) dg

iii) If c; # 0, then 6 is of the form

b 1
1 4a
+ ) <(—3b301 — ?) h5 — 2b1b3h3> (?/1 + 2y2)
&
b 1
9(1’11’2) = 2—031]'[ + C_l(_2b1h5 + b3h3)<$1 — JIQ)
1 4a
+ = | | =3bsci — — | hs — 2b1b3hs | (y1 — 1)
c 3
1
b 1
O(x1y1) = c_iH — hs(z1 + 222) — c_l(_261h5 + b3hs)(y1 + 2y2)
b 1 1
6(x1y2> = __1H — —Ht — h5($1 - x2) - _(_2b1h5 + b3h3)(yl - y2>
2cy 2c1 1
0(y7) = H + hs(x1 + 2x2) + hs(yr + 242)
1
O(yry2) = —§H + h(z1 — 22) + hs(y1 — y2)
b 1
0(z3) = —C—j’H — C—l(—2b1h5 + byhs) (23 + 22)
1 4a
_ 6_2 ((—36301 — E) h5 — 261b3h3> (2y1 + yg)
1

b 1
0(x2y2) = iH + hs (221 + 72) + c_1<_2b1h5 + b3hs) (2y1 + y2)
b 1 1
O(zoy1) = —o—H + =—Ht — hs(21 — 72) — —(—2b1hs + bshs) (y1 — v2)
2cq 2cy C1

0(y3) = H — h3(2x1 + x3) — hs(2y1 + 112),
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for some hsz, hs € A, not both zero, and with

b 6
H = 6h2 + 122 hghs + — (~byey + 5 ) B,
c1 cq 3

Proof. The first statement was already proven in Lemma 4.3.4. We now analyze cases
(1)-(iii) successively.
Suppose bs = ¢; = 0. From the proof of Lemma 4.3.9, we can change coordinates

via

Ty =21+ W%
Ty = Tg + Yo
!

Y1 =21~ U
Yp = Ty — Ya.
and then apply Lemma 4.3.10 to compute each of the desired products in terms of

the F;. It is useful to first make an intermediate computation, expressing each of the

primed products in terms of the unprimed variables. Note that in this case b? = —

wle

We compute

(z))? = Dy — (F3 + F5) (w1 + 210) + (F5 — F5)(y1 + 2y2)

1
Thah = —§D1 — (F3+ F5)(x1 — 22) + (F3 — F5)(y1 — v2)

iy = (F3 + F5)(x1 + 2x2) + (Fs — F5)(y1 + 2y9)

1
wllyé = 2—le1t + (F5+ F5)(x1 — x2) + (F5 — F5)(y1 — y2)

(y1)* = =Dy — (F3 + Fy)(z1 + 222) + (F3 — F5)(y1 + 2y»)

1
Y1y = §D1 — (F5+ F5) (21 — x2) + (F5 — f5)(y1 — 42)

(z4)* = D1 + (Fs + F5) (231 + x2) — (F3 — F5)(2y1 + o)
Ty = —(F3 + F5) (221 + 2) — (F5 — F5) (251 + 112)

1
53/23//1 = —2—le1t + (F5 + F5)(x1 — x2) + (F5 — F5)(y1 — y2)
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(yé)2 = —D1 + (Fg + F5>(2I1 + .772) — (Fg — F5)(2y1 + yg).

We can then compute the desired products, using the inverse change of coordinates

We compute

2 _
1

T

T1To =
1 =
T1Y2 =

i =

Y2 =

1

Ty = 5@/1 + 1)
1 ! /

Ty = 5(332 + 1)
1

n = 5@,1 - yi)

1
Y2 = 5(9”/2 - yé)

Zll((:):'l)Q + 22y + (y1)*) = (Fs — F5)(y1 + 2y2)

1
;1(96’193’2 + 2y + 25y + 1) = (Fs — F5)(y1 — y2)

@) ) = 5Dy

2
1 / / _ !/ ! ! ! o ! ! . _1D 1 ]'
— (2l — 21y5 + 2oy — y1ys) = —=D + —t
4 4 by
1
(@) = 221 + (1)%) = (B + Fy) (1 + 202)
1
Z(fﬂ’ﬂé — 2y — Thyy + y1¥s) = —(F3 + F5) (21 — 12).

The remaining products are determined by Lemma 4.3.4. In our original coefficients,

Lemma 4.3.4 gave

x} = dy + d3(w1 + 232) + ds(y1 + 2y2).

The above equations thus imply ds = F3 — F5, hg = —(F3+ F3), and f; = %Dl. Since

Dy =6(—F;+F;)=6 (— (%(d5 — hg))2 + (—%(dg) + hg))2> = 6dshs,

the result for case (i) follows.

Next, suppose b3 # 0. From the proof of Lemma 4.3.9, we can change coordinates
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via

Th = Iy
by

Yy = b_xl + 1
3
by

Yp = b—l’2 + Y2,
3

We then use Lemma 4.3.10 to compute each of the desired products in terms of the
F;. As before, it is useful to first make an intermediate computation, expressing each

of the primed products in terms of the unprimed variables. We compute

303

3b1b 3b2
= D1 + ( ! 3F3 — F5> (131 + 2$2) -+ 73}7’3(3/1 + 2y2)

i 1 / / 3b§ / /
Lyly = _§D1 — F5(ah — @) + 0 F3(y1 — 1)
1 3010 302
= —§D1+ ( - 3F3—F5> (21 —x2)+73F3(y1 )

zhyy = Fa(x) 4 2x5) + F5(y; + 2y5)

b1
(Fg + b F5> (]31 -+ 21’2) -+ F5(y1 -+ 2y2)
3

1
Ty = 57— Dit + Fy(2) — 5) + F5(y) — v5)
2bs
1 by
2b3 b3
i = 3_b§ 3b2 F5($1 + 2x5) — Fs(y; + 2y5)
a a 3[)1[)3
:WDl_@ ( Fg—F5) ($1+21‘2)—F3(y1+2y2)
Y1Ys = 662 —Di+ 302 S Fy(ah — 2h) — Fy(y — )

a a

3b1b
— _6_b§D1 “ 3 ( ; SAELCl F5) (21— 22) — F3(y1 — v2)
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302
22 = D, + F5(22), + 2})) — 73F3(2y£ + 1)

3b1b 3b2
=D, — ( ; SFy — F5) (221 + x2) — 73F3(2y1 + 1)

rhyy = —F3(22) + x5) — F5(2y; + v5)

b
— (F3 + b—ng,) (221 + x2) — F5(2y1 + 112)
3
1

Thy) = —2—b3D1t + Fy(x] — x5) + F5(y; — y3)

1 b
— ——Dit+ | Fs+ —Fy (1 — 22) + F5(y1 — y2)
2b3 b3

a a
yf _ —2D1 _ —2F5(2£U/1 + x’z) + F3(2y,1 + yé)
302 303

a a (3bd
= S_bng + 3_b§ (%Fg — F5) (21‘1 + xz) + F3(2y1 + yz)

It is now straightforward to compute the desired products:

3b1b 302
ZL‘% = 1"12 — Dl + ( ; 3F3 — F5) (1’1 -+ 21’2) + 73F3(y1 =+ 2’3/2)
1 3b1b 3b2
T1%2 = 37/133,2 = —§D1 + ( ; 3F3 - F5) (951 - $2) + 73F3(y1 - yz)

b b
i =y (—ghel o) =~ + ol
3 3
3

b b? 2b 3b1b
=——D + <<—71 + 1) F3+ b_lFE’) (z1+ 212) — < clz °Fs — F5) (y1 + 2y2)

3

b b
=y (—ghet 4 4) = — et +

by 1 32 2b,
=—0D — D1t ———+1) F5+ —F —
2b3 ! * 2b3 ! + (( a + 3 + b3 > (xl 1:2)
3b1b:
— ( ;3F3_F5> (11 — y2)

b 2 2b
vi = (—b—lw’l + y’l) = 3o = T+
3 3 3

48
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C1 3b1 1 a
= _b_ng + (a_bg(b% —a)Fs + 2 (—353 + §> Fs) (71 + 215)

1 2b
+ (5(357% —a)F; — b—1F5> (y1 + 2y2)
3

by by b by
nn = (ot 0t ) (=i +94) = el {hGahnh + o) +

From our initial observations, we then automatically have

2

3b1b 3b
1 3F3 — F5> (21‘1 + $2) — 73F3(2y1 + yQ)

x§:D1—< a

b 3b2 2b 3610
Loy = ——~ Dy — <( Ly 1) Fs + —lFs) (2x1 + x2) + ( 2y F5) (2y1 + y2)

a

b3 bs a
b 3b? 2b 3b1b
Ty = 2—1)13171 + <(—71 + 1> F5+ b_;F5) ($1 - 1’2) - ( ; 3F3 - F5) (y1 - y2)
(&1 1 3b1 1 a
yg = _EDI — Q_bngt — (a_b3<b% - CL)Fg + b_g (—Sb% + g) F5) (2.1‘1 + 1’2)

1 2b
— <a(3b% — a)F3 — b—;F5) (2y1 + yz).

Comparing with our original coefficients, we thus have d; = Dy, ds = %Fg—Fg,, ds =
2
%Fg, and hence F3 = %dg}, Fy = Z—;d5 — d3. Substituting these into our equations
and simplifying gives the result.
Lastly, suppose ¢; # 0. If we change coordinates via ©; = y;,y; = z;, then

{1, %2, 11,72} is another representation basis for F3 and

tEy = by (21 4 2&2) + bs(§1 + 202
tyhy = &1 (T + 279) — [;1(?31 + 275),

where b, = —by, 133 =c; # 0, and ¢ = bs. Also, if
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7 =D+ (31 + 272) + ds(§1 + 252)
= D+ ds(z + 222) + ds(y1 + 242),

i1 =y} = H + hy(z1 + 232) + hs(y1 + 219),

we have D = H, ds = hs, and ds = hs. Thus, the previous case immediately gives

i =
T1T9 =
1y =
T1Yo =

~2

1

Y1Yy2 =

i5 =
Tays =
Toy1 =

~27
2 =

H + hs (i1 + 2%2) + hs (i + 27

1 - .
——H + hs(afl - £U2) + hs(yl - Z/z)

2
b 1 - - - -
C—lH — C—(—lehg, + bghg)(l'l + 2[[’2) — h5(y1 + 2:1/2)
1 1
by 1

1 - .
_2_01H + Q_ClHt — a(—2b1h5 + bghg)(l'l - 5172) - hB(yl - y2)

b 1 4
——3H + 3 ((-3[)361 — —a) h5 — 2b1b3h3> (i’l -+ 2%2)
c1 i 3

1 5 -
= (=2buhs + bshs) (G + 20)
1

b 1 4
—3H + 3 <<—3b3C1 — ?a) h5 - 2b1b3h3) («fjl - 572)

2c, i

1 _ -
+ —(—2byhs + bshs) (U1 — o)

C1

H — hs(231 + &2) — h3(201 + o)

b 1 o o

c_lH + C_(_2b1h5 + b3hs3) (221 + Z2) + h5(201 + 2)

1 1
Dy Y 1(2bh+bh)(~ T2) — hs(gh — o)
- 2, - 1hs 3h3)(X1 — To 5(Y1 — Y2

b 1 4
By g ((—3173@1 - g) hs — zblbghg) (27 + 7»)

1 - ~
= —(=2bihs + bshs) (20 + §2),
1
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with
by

6
iy = 643 +12 hshs + (b3c1+3)h§.

The result follows.

4.4 Ramification

51

Suppose 7 : Y — X is a flat S3-cover, where X, Y are integral, Noetherian k-schemes.

Let A = 1,0y = Ox & F5 & F3 be the standard decomposition of m,Oy .

Let

U = Spec A C X be any affine open such that F;|y and F3|y are free Ox|p-modules.

Let ¢ be any local generator for F»(U)) and {x1,x2,41,y2} be a local representation

basis for F3(U) as in Theorem 4.3.3. According to Theorem 4.3.3, if we consider

t,x1, T2, Y1, Yo as variables over A, and let

F(t T1,T2,Y1,Y2

(t, ) =
Gi(t, 1,22, 91, 92) = tx1 — b(y1 + 212)
Go(t, x1, T2, Y1, Y2) = toa + 0(2y1 + y2)
Gs(t, 1,22, 91,92) = tyr + ;b(fﬁl + 29)
Gu(t,x1, T2, Y1, Y2) = tys — %(le + 1)
Hi(t, 1, 0,91,4) = 2] — d + fo(w1 + 225) — 3—b2f3(y1 + 2ys)
Hy(t, 1,29, Y1, Y2) = 1172 + ! + fs(z1 — x2) — 3_b2f3(211 )

Hs(t, 21, 22,91, Y2) = T1y1 — f3(901 +229) — f5(y1 + 2y2)

d
Hy(t, z1,22,y1,y2) = T1y2 — ==t — f3(x1 — 22) — f5(y1 —

2b
ad a
Hs(t, 21, 2,91, 2) = Y7 — 32 32
ad a

Hg(t = 12 92
6(t, 1, T2, Y1,Y2) = Y1y + 6b2 32
2

3b
Ho(t, w1, 79, y1,2) = 75 — d — f5(271 + 22) + 7f3(2y1 + y2)

5 [5(x1 + 222) + f3(y1 + 22)

fs(z1 —2) + fa(yn —
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Hg(t, x1, 2, y1,Y2) = Tay2 + f3(221 + 22) + f5(201 + y2)

d
Hy(t, 21, 29, y1,Y2) = Toy1 + —t — f3(x1 — x2) — f5(v1 — y2)

2b
ad a
Hyo(t, 71, %2, Y1, Y2) = Y3 — 32 + @fs)(%l +22) — f3(2y1 + v2),

then A(U) can be viewed as the quotient ring

Alt
B— [7$17$2ayhy2]

(F,Gl,...7G47H17...7H10).

52

Thus, if X = Spec A and Y = Spec B, then this expresses Y as subvariety of A%.

The ramification locus is then the locus where the Jacobian matrix of F, G, .

-, Gy,

Hy, ..., Hy with respect to the variables t, 1, x2, y1, y2 does not have maximal rank.

This matrix is

N
=

This matrix has (

o O

e © © o o,

e}

15
5

8l

0 0 0

t 0 —b

0 t 2b

% 5 t

% % 0
21+ f5 2[5 —%f:;
w—fs  =2fs w15

Yo — f3 g —f5
—s5fs  —asfs 2p+ fs
—352J5 225 Y2 + f3

—2fs  2w—fi  Lfy
2f3 Yo+ f3 2fs
—f3 ntfz w2—fs
2 fs 325 —2f3

— s
—2fs
T+ fs
2f3
11— f3
L fs
To+ O
5

2y — f3 |

defined by the ideal R C B generated by these 3003 elements.

) = 3003 minors of size 5 x 5, and the ramification locus is
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4.5 Relation to triple covers

Triple covers have been well studied by Miranda in [9], and are closely related to Ss-
covers. We can use the theory of triple covers as a check for our previous calculations.

Recall the following

Theorem 4.5.1. [9, Thm. 2.7] Assume X is an integral, Noetherian k-scheme.

(a) Let f: Z — X be a triple cover. Then B = f.Oyz is a flat, rank 3 locally free
sheaf of Ox-algebras, and B = Ox & &, where & s the locally free rank two Ox -
submodule of B known as the Tschirnhausen module. The multiplication in B is
determined by an Ox-linear morphism ¢ : S?€ — Ox ®E. Let U = Spec A C X
be an affine open such that E|y is a free Ox|y-module. If {z,w} is any basis
for E(U), then ¢ is locally of the form

d(2%) = 2(a® — bd) + az + bw
d(zw) = —(ad — bé) — dz — aw
d(w?) = 2(d? — aé) + ¢z + dw,

for some a, b,¢,d € A, with b, ¢ nonzero.

(b) Conversely, suppose £ is a rank two locally free Ox-module. Let U = Spec A C
X be an affine open such that E|y is a free Ox|y-module, and let {z,w} be any
basis for E(U). Suppose ¢ : S?°E — Ox @ & is a morphism locally of the form

above.

Then ¢ induces an Ox-algebra structure on B = Ox ®E, making f : Specx B —

X a triple cover.

Suppose we are given a flat Ss-cover 7 : Y — X, with X, Y integral, Noetherian
k-schemes. Let A = 7,0y = Ox & F> @ F3 be the standard decomposition. Let
U = SpecA C X be any affine subset such that F»|y and F3|y are free Ox|y-
modules. Let ¢ be a generator of F»(U) and {x1,x2,41,y2} be a representation basis
for F3(U) as in Theorem 4.3.3.
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We claim 7" : Specy A” — X is a triple cover. To prove this, observe that for an

arbitrary section s = ag + a1t + asx1 + agxs + asy; + asys € A(U), we have
7(s) = ap — a1t + (az — a2)wy + asws + (a5 — as)ys + asyo.

In particular, s is fixed by 7 if and only if as = 2a- and a5 = 2a4. Thus, A = Ox®E,
where € is a locally free rank 2 module with local basis {z, w}, where z = z1 42z, w =

Y1 + 2y2. Note that A7 is a subalgebra, with algebra structure locally given by

22 = alw wy + 422
9v?
=3d+ 3f52 — — faw
a

2w = Ty + 221Y2 + 222y + 422y
= —3f3z — 3fsw
w? = y% + 4192 + 4y§

ad a

=2 ﬁfsz + 3fsw.

If we let @ = 3f5,b = —¥f3,é = —ﬁj},,c]z 3 f3, then we have
2(a — bd) = 18 (3%2]{% + f§> = 3d
—(ad —b&) = —(9fsf5 — 9fsf5) = 0
o — ac) = i—g (%bzf?? + fg) = l%d.
We can therefore rewrite the local algebra structure on A" as

22 =2(a® — bd) + az + bw
2w = —(ad — bé) — dz — aw

w? = 2(d® — a¢) + ¢z + dw.

By Miranda’s theorem, Specy A™ — X is therefore a triple cover, as claimed.
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Of course, we could have also considered the subalgebras A°" and A"ZT, defined
by the o7r- and o?r-invariant sections, respectively. However, if s is a 7-invariant

section of A, then

ot - (0%s) = 0’1 -5 = 0’5,

and so 02s is a o7-invariant section. Conversely, if ¢ is o7-invariant section, then
7-(ot) = o*r -t =0 - (oTt) = ot,

and so ot is a T-invariant section. Thus, A°" = 02?( A7), and hence Specy A°" — X
is conjugate to the triple cover Specy.A™ — X. Similarly, we have AT = o(A7),

and so SpecXA"27 — X is also conjugate to the triple cover Specy A™ — X.
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Future work

With the local structure of flat Ss-covers understood in detail, many avenues for

investigation are now open. We briefly outline a few such projects.

Global description. As noted previously, the next natural step in understanding
Ss-covers is to obtain a global description. If one could obtain a uniform version of
Theorem 4.3.11, it would then be possible to define a submodule of Hom(S?F,, Ox )@
Hom(F, ® F3, F3) ® Hom(S?F3, A) consisting of triples of morphisms (¢, ), ) which
define Ss-covers. Using the local description as a guide, one would like to obtain
a basis-free characterization of this submodule. This strategy closely parallels the
technique used by Miranda in [9] to obtain a global description of triple covers, in
which the submodule of Hom(S2€,€) consisting of triple cover homomorphisms is
identified with Hom(S%E, A\*€).

Singularities. With the full local description of S3-covers at our disposal, it
should be possible to directly compute the singularities of a given Ss-cover. In fact, a
general statement for arbitrary finite groups GG may be possible. Suppose 7 : Y — X
is a G-cover of a nonsingular scheme X. As the morphism 7 is étale away from the
ramification locus R C Y, we can focus attention locally around R C Y and D C X.

In the case of abelian covers, the locus of singularities is described by the following

26
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Theorem 5.0.1. (/12, Prop. 3.1]) Assume X,Y are integral, Noetherian k-schemes,
and 7Y — X 1s a flat G-cover. Further assume X is nonsingular.
Then Y is nonsingular over a point x € X if and only if one of the following

conditions holds:
i) x is not a branch point of w; or,
ii) x belongs only to one component A of D and x is a smooth point of A; or,

iii) x lies on components Dy, yy, ..., Dp, 4. of D and:

a) the map Hi & -+ & H, — G is an injection; and

b) if b; is a local equation for Dy, ., around x, i =1,...,r, then the subspace

of m/m? generated by dby, . ..,db, has dimension r.

This theorem is proved by localizing the cover around the branch divisor D C X,
and then factoring the cover as a totally ramified H-cover followed by an étale map,
where H is the inertia subgroup associated to D. Since the inertia subgroups are all
cyclic, this reduces the question to that of a cyclic cover. We have seen, however,
that the inertia subgroups are cyclic even in the case of a general, nonabelian group.
It seems likely, then, that a similar description of the singularities will hold in this

more general setting.

Deformations. Since the construction of S3-covers essentially amounts to the
definition of an algebra structure on a given locally free sheaf A, one might expect
deformations of such covers to correspond to deformations of this algebra structure.
This is indeed the case for abelian covers [12]. Understanding the deformation theory
of S3-covers is very useful for understanding moduli spaces containing such covers.

For example, in [3]|, branched abelian covers are used to investigate the action
of Gal(Q/Q) on surfaces defined over Q. Using an explicit correspondence between
the deformations of an abelian cover and its branch locus, one is able to produce,
for every nontrivial element of Gal(Q/Q), a pair of conjugate surfaces which are not
locally deformation equivalent. In doing so, one thus establishes that Gal(Q/Q) acts

faithfully on the irreducible components of the moduli space of surfaces over Q.
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Further relationships with triple covers. We have seen how, from an Ss-
cover m : Y — X, one produces a triple cover 7’ : Spec(m.Oy)” — X. Conversely,
if f:Z — X is a triple cover, and if we let Y denote the closure of (Z xx Z)\A C
Z xx Z, then Y should represent the Galois normalization of f : Z — Y, and
hence define an S3-cover. With the local nature of both triple covers and Ss-covers
explicitly described, it should be possible to verify this claim. One could then translate

statements about triple covers to statements about certain Ss-covers, and conversely.
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