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Abstract. Using the language of stacks, we recast and generalize a selection of results
in equivariant geometry.

1. Introduction

When an algebraic group G acts on a variety X, there is a precise dictionary
between the G-equivariant geometry of X and the geometry of the quotient stack
[X/G]. This is typical of the strong interplay between equivariant geometry and
algebraic stacks. Indeed, results (as well as their proofs) in the theory of alge-
braic stacks are often inspired by analogous results in equivariant geometry. As
the simplest stacks are quotient stacks, they are fertile testing grounds for more
general results. Conversely, algebraic stacks can be quite useful for proving results
in equivariant geometry. The purpose of the present paper is to provide some
examples of this power, reproving and generalizing several theorems in equivariant
geometry via the language of algebraic stacks.

After giving a brief overview of algebraic stacks in Section 2, we begin in Section
3 by summarizing the relationship between the equivariant geometry of a scheme
and the geometry of its corresponding quotient stack. In Section 4, we review the
classical notion of a good quotient and the more modern notion of a good moduli
space, and explore the relationship between them. As a result, we recover and
generalize [BBS, Theorem BJ:

Theorem 1.1. Let G — S be an affine, linearly reductive group scheme acting
on an algebraic space X, and suppose X admits a G-invariant affine morphism
f X — Z to an algebraic space. Then there exists a good quotient m : X — 'Y
with Y an algebraic space.

Note in particular that the normality hypothesis of [BBS7 Theorem B] has been
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removed, thereby answering [BBS, Question, p. 149].
In Section 5, we quickly recover Matsushima’s theorem (see [Mat60], [BB63],
[Hab78] and [Ric77]) using tools developed in Section 4:

Theorem 1.2. Suppose G — S is an affine, linearly reductive group scheme and
H C G is a flat, finitely presented, separated subgroup scheme. Then the following
are equivalent:

(i) H — S is linearly reductive;
(i) G/H — S is affine;
(i) the functor F — Ind%F from QCoh™ (S) to QCoh®(S) is exact.

This is a prototypical example of the power of algebraic stacks in the study of
equivariant problems. (This theorem was also proved in [Alp08, Theorem 12.15]
using the same techniques, but we include the proof again here to emphasize the
convenience of the language of stacks.)

Section 6 focuses on properties of observable subgroup schemes. When working
over a field, a subgroup scheme H C G is observable if every finite dimensional H-
representation is a sub-H-representation of a finite dimensional G-representation.
We extend the definition to an arbitrary base scheme in Definition 6.4. We find
the following characterization of such subschemes:

Theorem 1.3. Let G — S be a flat, finitely presented, quasi-affine group scheme
and H C G a flat, finitely presented, quasi-affine subgroup scheme. The following
are equivalent:

(i) H is observable;
(ii) for every quasi-coherent Og[H|-module F, the counit morphism of the ad-
junction, md$F — F, is a surjection of Og|H]-modules;
(iii) BH — BG s quasi-affine;
(iv) G/H — S is quasi-affine.
If S is noetherian, then the above are also equivalent to:

(v) every coherent Og[H|-module is a quotient of a coherent Og[G]-module; and
(vi) for every coherent Og[H|-module F, the counit morphism of the adjunction,
md$ F — F, is a surjection of Og|H]-modules.

The proof of the above theorem follows directly from the observation that a
representable morphism f : X — ) of algebraic stacks is quasi-affine if and only
if the adjunction morphism f*f.F — F is surjective for all quasi-coherent O y-
modules F (see Proposition 6.2).

Lastly, in Section 7 we analyze the existence of good moduli spaces, ultimately
recovering a modified version of [BBS, Theorem C]:

Theorem 1.4. Let G be a connected algebraic group acting on a scheme X of
finite type over an algebraically closed field k, and suppose that for every pair of
points x,y € X there exists a G-invariant open subscheme Uyy C X that contains
x and y and admits a good quotient. Then X admits a good quotient.

Note that here we assume the group G is connected, but not necessarily re-
ductive. In fact, it appears that the proof of [BBS, Theorem C] is incomplete, as
the constructibility of certain subsets is never verified (see Remark 7.14). It is in
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the verification of that constructibility that we need to impose the connectedness
hypothesis. This is also the reason we need to work with group actions rather
than more general algebraic stacks. We expect, however, a stronger version of the
above theorem (as well as of Lemma 7.13) to hold.

Remark 1.5. Tt is also possible to show that an analogue of [BBS, Theorem A]
holds using similar—but significantly more involved—methods.

Acknowledgment. We thank David Rydh for his suggestions in the proof of
Proposition 6.2. We also thank the referees for many useful suggestions.

2. Algebraic stacks

We begin with a few words on algebraic stacks. The reader familiar with these
objects may comfortably skip to Section 3, below. For those less familiar, we
offer the following brief overview. Algebraic stacks are, at their most basic level, a
generalization of schemes. Algebraic stacks arise naturally in the context of moduli
problems as they provide geometric objects which represent the moduli problem.

In a moduli problem, one is generally interested in analyzing a collection of
objects of a certain type, e.g., of curves of a fixed genus g. One would like this
collection to be endowed with a structure beyond that of merely a set, but rather
something closer to that of a space, so that, for example, a curve in the space
would correspond to a “nicely varying” (i.e., flat) family of objects over the curve.
In algebraic geometry, we would ideally prefer moduli spaces to have the structure
of a variety, so that we may then bring to bear on them our full arsenal of alge-
brogeometric tools. Properties deduced about moduli spaces are clearly of great
significance, as they reveal universal facts about the objects being parameterized.

Unfortunately, it was discovered early on that some moduli spaces could not
exist as schemes, e.g., the moduli space of elliptic curves. The culprit is the exis-
tence of automorphisms of some of the objects being parameterized; this prevents
the representability of the moduli functor by a scheme. In the seminal papers
by Deligne and Mumford [DM69] and Artin [Art74], the concept of an algebraic
stack was introduced. Algebraic stacks have proved to be exceptionally convenient
geometric objects for studying moduli problems.

An algebraic stack is a categorical object possessing many of the excellent func-
torial properties one would hope for (and need) when studying moduli problems.
Its definition also includes sufficient additional properties to tie it closely to the
world of schemes (and algebraic spaces) and make the extension of algebraic ge-
ometry to stacks possible. Most notably, by definition every algebraic stack X
admits a smooth surjection from an algebraic space, X — &', which one thinks of
as an atlas for the stack, much as in the world of manifolds. Many properties of
algebraic stacks are understood (or even defined) by pulling back to the covering
algebraic space X.

The precise definition of algebraic stacks requires a fairly substantial amount
of definitions and exposition. We direct the interested reader to the following
references, which explain stacks in greater detail and clarity than we could hope
to achieve here. This list is by no means exhaustive and should be viewed merely
as a starting point in the study of stacks. A short and friendly introduction to
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the theory is [Fan01]. For a more technical yet still concise overview, the reader
might consider [Vis89, Appendix]. A very thorough development is [LMBO0O0];
as of this writing, it is the only currently published book on stacks. The most
exhaustive reference, and likely the best source for the most up-to-date definitions
and properties, is [spa].

Notation and Conventions 2.1. Throughout this paper, all schemes are assumed
quasi-separated. Let S be a scheme. Recall that an algebraic space over S is a
sheaf of sets X on the big étale site Sg¢ of schemes over S such that:

i) Ax/g: X =X xgX is representable by schemes and is quasi-compact; and
/
(i) there exists an étale, surjective map U — X with U a scheme.

An algebraic stack over S is a stack X over Sgt such that:

(i) Axys: X = & xg X is representable, separated and quasi-compact; and
(ii) there exists a smooth, surjective map X — X with X an algebraic space.

We note that there is confusion in the literature on the definition of an alge-
braic stack. Deligne-Mumford require in condition (ii) of an algebraic stack the
existence of an étale cover; such stacks are now commonly referred to as Deligne—
Mumford stacks. The definition of an algebraic stack above is the same as is given
in [LMBO0O]. In [Art74], Artin introduces the above definition but assumes in ad-
dition that X is of locally finite type over an excellent Dedekind domain. Often
in research articles authors will drop the separated and quasi-compact condition
from the diagonal in condition (i). See [spa] for a development of the theory of
algebraic stacks without any condition on the diagonal.

Given an algebraic stack X', we denote by |X| the topological space whose points
correspond to equivalence classes of Og-field-valued points of X (see [LMBO0O,
Chap. 5]). Any point = € |X| has a residue field k(z), which is the coarse mod-
uli space of the residue gerbe G, in X’; furthermore, there exists a representative
Spec k — X of x with k/k(z) finite (see [LMBO0O0, Chap. 11], [Ryd10a, Theorem
B.2)).

3. G-equivariant geometry of X vs. geometry of [X/G]

For simplicity, assume momentarily S = Spec k, with k an algebraically closed
field. If G — Spec k is a finite type, affine group scheme acting on a finite type
k-scheme X, then we have the following dictionary between the G-equivariant
geometry of X and the geometry of [X/G]:

G-equivariant geometry of X Geometry of [X/G]
orbit of x € X (k) point Spec k — [X/G]
G-invariant morphism X — Z morphism [X/G] — Z
I(X,0x)% I([X/G], Ox/ay)
quasi-coherent Ox [G]-module F' | quasi-coherent O|x,g-module F
I'(X,F)“ I([X/G], F)
G-linearization on X line bundle on [X/G]
geometric quotient X — Y coarse moduli space [X/G] =Y
good quotient X — Y good moduli space [X/G] =Y
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Example 3.1. Suppose X = Spec k is a point, and write BG = [Spec k/G]. Then
quasi-coherent (resp., coherent) Opg-modules correspond to G-representations
(resp., of finite dimension).

Remark 3.2.

(i) Technically, geometric quotients and coarse moduli spaces do not precisely
agree under this dictionary. For an action of G on X, a geometric quotient X — Y
is not necessarily a categorical quotient (see [Kol97, Example 2.18]), which is a
prerequisite condition for [X/G] — Y to be a coarse moduli space. However, they
do agree in the case of proper group actions; see [Kol97, Remark 2.20], [Ryd11,
87].

(ii) The dictionary between good quotients and good moduli spaces is made
precise in Section 4.

Returning now to the general case, suppose G — S is a flat, separated and
quasi-compact group scheme over an arbitrary base S. As usual, denote BG =
[S/G]. Then a quasi-coherent (resp., coherent) Opg-module corresponds to a
quasi-coherent (resp., coherent) Og[G]-module. (Recall that an Og[G]-module is
an Og-module F together with a lifting of the action of G on S to an action of G
on F; see [Mum65, §1.3] for the case of invertible sheaves.)

A morphism H — G of flat, separated and quasi-compact group schemes induces
a morphism f : BH — BG of algebraic stacks. If, in addition, H — G is a
subgroup scheme, then the diagram below is cartesian:

G/H—>S

|,

BH —~ BCG.

Using descent theory, we can therefore relate properties of the morphism f : BH —
BG to properties of the quotient G/H — S.

If G is an Og[G]-module, then f*G is the Og[H]-module with the same under-
lying Og-module as G, but with H-action induced from the morphism H — G. If
F is an Og[H]-module, then Ind§F := f,F is the induced Og[G]-module. There
is a natural morphism Ind%]—" — F, corresponding to the adjunction morphism
[ fF = F.

4. Good quotients vs. good moduli spaces

Good quotients

Although the notion of a good quotient was first explicitly written down by Seshadri
in [Ses63, Definition 1.5], the idea was already implicit in Mumford’s theory of
quotients by reductive groups (see [Mum65]).

Definition 4.1. Suppose G — S is an affine group scheme acting on an algebraic
space X. We say a morphism 7 : X — Y to an algebraic space is a good quotient
if the following hold:
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(i) 7 is surjective, affine and G-invariant;
(i) Oy — m(Ox)¢ is an isomorphism; and
(iii) for every morphism Y’ — Y with base change 7’ : X xy Y’ — Y’, the
following hold:
(a) for each closed G-invariant subspace Z’ C X xyY”’, the image 7n’/(Z") C
Y is closed; and
(b) for each pair of closed G-invariant disjoint subspaces Z1, Z5 C X xyY”,
the images 7'(Z}), 7' (Z}) are disjoint.

Remark 4.2.

(i) In the case G — S is linearly reductive, for 7 : X — Y to be a good quotient
it suffices to require only that = is affine and G-invariant, and Oy — 7.(Ox)% is
an isomorphism (see Corollary 4.14).

(ii) As in other papers (see [BBS], [BB02] and [spa, Tag 04AC]), we have re-
moved the assumption in [Ses63, Definition 1.5] that X and Y are schemes. We
note that the argument of [Mum65, Remark 0.5] implies only that a good quo-
tient is universal for G-equivariant maps to schemes. However, [Alp08, Theorem
6.6] implies that good quotients are universal for G-equivariant maps to algebraic
spaces when X is noetherian; see Corollary 4.15.

(iii) As in [BB02] and [spa, Tag 04AC], we require that property (iii) holds for
arbitrary base change. We note, however, that it is equivalent to restrict to flat
morphisms Y/ — Y.

Linearly reductive groups

Let QCoh(S) denote the category of quasi-coherent Og-modules, and QCth(S )
denote the category of quasi-coherent Og[G]-modules.

Definition 4.3. A flat, finitely presented, affine group scheme G — S is linearly
reductive if the functor F — FC from QCoh®(S) to QCoh(S) is exact.

Remark 4.4. Tt is not essential to assume G — S is affine (cf. [Alp08, Chapter
12]). The assumption is only made here to simplify the discussion.

The following is well known (see, for instance, [Alp08, Prop. 12.6]):

Proposition 4.5. Let G — Spec k be a finite type, affine group scheme, with k a
field. The following are equivalent:

(i) G is linearly reductive;

(ii) the functor V — V& from G-representations to vector spaces is exact;

(iii) the functor V + VY from finite-dimensional G-representations to vector
spaces is exact;

(iv) every G-representation is completely reducible;

(v) every finite-dimensional G-representation is completely reducible; and

(vi) for every finite-dimensional G-representation V and nonzero v € VY, there
exists F € (VV)¢ with F(v) # 0.

Cohomologically affine morphisms

For an algebraic stack X, let QCoh(X') denote the category of quasi-coherent O x-
modules.
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Definition 4.6. ([Alp08, Definition 3.1]) A morphism f : X — ) of algebraic
stacks is cohomologically affine if it is quasi-compact and the push-forward functor
F — fF from QCoh(X) to QCoh()) is exact.

Remark 4.7. Cohomological affineness possesses several nice properties, such as:

(i) (Serre’s criterion) If f : X — Y is an arbitrary morphism of algebraic
spaces, then f is cohomologically affine if and only if f is affine. More generally, if
f X = ) is a representable morphism of algebraic stacks and ) has quasi-affine
diagonal, then f is cohomologically affine if and only if f is affine.

(ii) A flat, finitely presented, affine group scheme G — S is linearly reductive if
and only if BG — S is cohomologically affine.

(iii) Cohomologically affine morphisms are stable under composition and are
local on the target under faithfully flat morphisms.

(iv) If f : X — ) is a cohomologically affine morphism of algebraic stacks and
Y has quasi-affine diagonal, then for any morphism )’ — ) of algebraic stacks,
the base change X xy )’ — )’ is cohomologically affine.

See [Alp08, Chap. 3] for references and additional details.

We note the following interesting and well-known consequence of these proper-
ties, which stresses the necessity of quasi-affineness of the diagonal in (iv), above:

Proposition 4.8. If G — Spec A is a finite type, quasi-affine group scheme over
an Artin ring A, then G — Spec A is affine.

Proof. We may assume A = k is a field, since a scheme is affine if and only if its
reduction is affine. Observe that if G — Spec k is any finite type group scheme,
then 7 : Spec k — BG is cohomologically affine. Indeed, the push-forward by =«
of a k-vector space V corresponds to the G-representation V &y, I'(G, Og), where
I'(G, O¢) is the left regular representation of G, and this functor is clearly exact.
If G — Spec k is quasi-affine, then BG — Spec k has quasi-affine diagonal. Thus
the base change G =2 Spec k X pg Spec k — Spec k is cohomologically affine, and
hence by Serre’s criterion (Remark 4.7) affine. O

Good moduli spaces

Definition 4.9. ([Alp08, Definition 4.1]) Let X be an algebraic stack. We say a
quasi-compact morphism to an algebraic space, ¢: X =Y, is a good moduli space if:

(i) ¢ is cohomologically affine; and

(ii) Oy — ¢.Ox is an isomorphism.

We summarize the basic properties of good moduli spaces:
Proposition 4.10 ([Alp08, Theorems 4.16, 6.6], [Alp10a, Theorem 6.3.3]). Let X
be an algebraic stack and ¢ : X —'Y a good moduli space. Then:

(i) ¢ is surjective, universally closed and universally submersive;
(i) if Z1, Z2 are closed substacks of X, then

im Z; Nim Z, = im (Z, N Z),

where the intersections and tmages are scheme theoretic;
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(iii) for each algebraically closed Og-field k, there is an equivalence relation de-
fined on the set of isomorphism classes of k-valued points [X(k)], given by
x1 ~ g € [X(k)] when {x1} N{xs} # @ in |X Xg k|, which induces a
bijective map [X(k)]/~ — Y (k);

(iv) if X is locally noetherian, then ¢ is universal for maps to algebraic spaces
(that is, for any morphism to an algebraic space ¢ : X — Z, there exists a
unique map £:Y — Z such that Eod =);

(v) if X is locally noetherian, then Y is locally noetherian and ¢, preserves
coherence;

(vi) if X is finite type over a noetherian scheme S, then'Y is finite type over S;
and

(vil) if Y' =Y is any morphism of algebraic spaces, then the base change X Xy:Y
— Y is a good moduli space.

Remark 4.11. The property of being a good moduli space also descends under
faithfully flat morphisms. See [Alp08, Chapter 4] for further properties and a
systematic development of the theory. We emphasize that other than (iv) and
(vi), the proofs of the above properties are quite elementary.

Relationship between good quotients and good moduli spaces
We begin with:

Lemma 4.12. Let G — S be an affine, linearly reductive group scheme acting
on an algebraic space X, and let X — Y be a G-invariant morphism. Then
the corresponding morphism [X/G] — Y is cohomologically affine if and only if
X =Y is affine.

Proof. Suppose [X/G] — Y is cohomologically affine. Since X — [X/G] is affine
(as G — S is affine), the composition X — [X/G] — Y is cohomologically affine,
and therefore affine (by Serre’s criterion, Remark 4.7(i)). Conversely, if X — Y is
affine, consider the trivial action of G on Y. Since G — S is linearly reductive,
BG — S is cohomologically affine. Since [X/G] — Y is the composition of the
affine morphism [X/G] — [Y/G] and the cohomologically affine morphism [Y/G] —
Y (the base change of BG — S by Y — 5), it is cohomologically affine. O

Proposition 4.13. Let G — S be an affine, linearly reductive group scheme act-
ing on an algebraic space X. Let w: X — Y be a G-invariant morphism. Then
¢:[X/G) =Y is a good moduli space if and only if:

(i) = is affine; and

(i) Oy — m(Ox)C is an isomorphism.
Proof. Since there is a canonical isomorphism ¢.O[x /g = 7. (O x )¢, condition (ii)

above is equivalent to condition (ii) of Definition 4.9. The previous lemma shows
that condition (i) is equivalent to condition (i) of Definition 4.9. O

In particular, we can reinterpret the definition of a good quotient in the case of
an action by an affine, linearly reductive group scheme.

Corollary 4.14. If G — S is an affine, linearly reductive group scheme acting on
an algebraic space X, then w: X — Y is a good quotient if and only if:
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(i) 7 is an affine G-invariant morphism; and
(i) Oy — m.(Ox)¢ is an isomorphism.

Proof. This follows from Propositions 4.10 and 4.13. O

Of course, one can show the above corollary directly without recourse to the the-
ory of stacks and good moduli spaces. However, we note that Proposition 4.10(iv)
implies the uniqueness of good quotients in the category of algebraic spaces. We
know of no direct proof of this result, so the language of stacks and good moduli
spaces seems quite advantageous in this case.

Corollary 4.15. Let G — S be an affine, linearly reductive group scheme acting
on a noetherian algebraic space X. Suppose m: X — Y is a good quotient. Then
for any G-invariant morphism ¢ : X — Z to an algebraic space Z, there is a
unique morphism W :Y — Z such that ¢ = W or.

We can also immediately deduce:

Proposition 4.16. Suppose an algebraic stack X admits a cohomologically affine
morphism f : X — Z to an algebraic space Z. Then there exists a good moduli
space ¢ : X = Y.

Proof. Let Y = Spec, frOx and ¢ : X — Y be the canonical morphism (hence
Oy — ¢.Oy is trivially an isomorphism). Consider the 2-cartesian diagram, in
which the top composition is ¢:

XXZY—>Y

//\\

—>Y><Z X ——7

Since Y — Z is affine, soisY — Y xzY and hence X - X' xzY. Since X — Z is
cohomologically affine and Z has quasi-affine diagonal (as it is an algebraic space),
X xXzY — Y is cohomologically affine. Therefore, ¢ is cohomologically affine. [

We can now prove Theorem 1.1:
Theorem 1.1. Let G — S be an affine, linearly reductive group scheme acting
on an algebraic space X, and suppose X admits a G-invariant affine morphism
f: X — Z to an algebraic space. Then there exists a good quotient m: X —'Y
with Y an algebraic space.

Proof. If Y = Spec, f.(Ox)%, then the induced morphism 7 : X — Y is a good
quotient by Proposition 4.16, Proposition 4.13 and Corollary 4.14. O

5. Affine cosets

We are now in the position to recover Matsushima’s theorem:
Theorem 1.2. Suppose G — S is an affine, linearly reductive group scheme and
H C G is a flat, finitely presented, separated subgroup scheme. Then the following
are equivalent:

(i) H — S is linearly reductive;
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(i) G/H — S is affine;
(i) the functor F — Ind%F from QCoh™ (S) to QCoh®(S) is exact.

Proof. First note that, since G — S is linearly reductive, it follows that BG — S
is cohomologically affine. Suppose H — S is linearly reductive, and so BH — S
is cohomologically affine. Since G is affine, G/H — BH is also affine, and hence
the composition G/H — BH — S is cohomologically affine. By Serre’s criterion
(Remark 4.7(1)), G/H — S is therefore affine. Conversely, suppose G/H — S is
affine. Consider the 2-cartesian square

G/H—>S

|

BH — BG.

By descent, the morphism BH — BG is affine. Therefore the composition BH —
BG — S is cohomologically affine, and so H — S is linearly reductive. This proves
the equivalence of (i) and (ii).

Condition (iii) is a direct translation of the condition of cohomological affine-
ness for the morphism BH — BG, and is thus equivalent by descent and Serre’s
criterion (Remark 4.7(i)) to (ii). O

The following result was used by Biatynicki-Birula ([BB63]) and Richardson
([RicT7] to prove Matsushima’s theorem. A proof also appeared in [Lun73, p. 85].
The language of stacks provides a quick proof relying essentially only on descent
for affine morphism.

Proposition 5.1 (cf. [BB63, Lemma 1]). Let G — S be a flat, finitely presented,
separated group scheme, and Ho C Hy be an inclusion of flat, finitely presented,

separated subgroup schemes of G, with Hy quasi-affine over S. Then Hy/Hs — S
is affine if and only if G/Hs — G/H; is affine.

Proof. The 2-cartesian diagrams

Hl/H2—>S G/H2—>G/H1—>S
BH; — BH; BHy —— BH;, —— BG

and descent theory immediately imply the result. [

Corollary 5.2 (cf. [BB63, Corollary 1]). Let Ho C Hy C G be inclusions of group
schemes as in Proposition 5.1. If Hy/Hs and G/Hy are affine over S, then so is
G/H,.

6. Observable subgroups

For a subgroup H C G, Matsushima’s theorem provides a relationship between
the reductiveness of H and the affineness of G/H (see Theorem 1.2). In this
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section, we analyze the relationship between the observability of H (i.e., whether
every H-representation is a subrepresentation of a G-representation) and the quasi-
affineness of G/H. Our approach is in the same spirit as the proof of Theorem
1.2: we interpret the quasi-affineness of G/H in terms of functorial properties of
BH — BG. We first prove a characterization of quasi-affine morphisms genera-
lizing [Gro67, 11.5.1.2 and IV.5.1.2].

Consider the following property for a morphism f : X — Y of algebraic stacks:

(%) For any quasi-coherent O x-module F, the adjunction morphism f*f.JF — F
18 surjective.

Lemma 6.1. Let f : X — Y be a quasi-compact (and quasi-separated) repre-
sentable morphism of algebraic stacks and g : Y’ — Y a morphism of algebraic
stacks. Consider the 2-cartesian product

XI f, S y/

]

X—)

Then the following hold:
(i) (Descent) if [ satisfies (x) and g is faithfully flat, then f satisfies (x); and
(ii) (Base change) if f satisfies (x) and Y has quasi-affine diagonal, then f’
satisfies ().
Proof. For (i), let F be a quasi-coherent Ox-module and « : f*f.F — F be the
adjunction morphism. Consider the commutative diagram

9" fF oo g F

where ¢ : ¢*f. F — fig* Fand o : f™*fL.(¢"*F) — ¢'*F are the natural adjunction
maps. By flat base change, v is an isomorphism and hence f'*%) is surjective. Since
o is also surjective, it follows that the composition a’ o f*9 = ¢*« is surjective.
Since ¢’ is faithfully flat, we thus conclude « is surjective.

For (ii), we first show that the statement is true if either (a) g is a quasi-
compact open immersion, or (b) ¢ is an affine morphism. In case (a), we first note
that since g and ¢’ are open immersions, the adjunction morphisms of functors
g g« — id and ¢'*¢, — id are natural isomorphisms. Let F’ be a quasi-coherent
Ox-module. Then since f satisfies property (%), f*f.g.F — ¢g.F' is surjective
and therefore so is f*g*g. fiF' = ¢ f*feglF — ¢"*g.F. Since the adjunction
morphisms are natural isomorphisms, this last morphism is canonically identified
with the adjunction map f”* f.F" — F'. In case (b), since ¢’ is affine, f*f.F — F
is surjective if and only g, f*f.F — gLF is surjective. Since f satisfies property
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(%), [*feg.F — ¢g.F' is surjective, but this factors as f*f.g . F' = f*g.flF —
gL f™fiF — gL F'. We thus conclude ¢ f* f.F — ¢..F is surjective.

Therefore, property (x) is always stable under quasi-affine base change. We
now prove the statement for arbitrary g (when 6y,5 : Y — ¥ x5 ) is quasi-affine).
Since the question is Zariski-local, we may assume the base scheme S is affine and
that ) and )’ are quasi-compact. Let p : Y — ) be a smooth presentation with
Y affine. Since Ay /g is quasi-affine, Y x3 Y 2 Y xyx .y (Y xgY) is quasi-affine
and p:Y — )Y is a quasi-affine morphism. After base changing by p:Y — ) and
choosing a smooth presentation Z — Vi := )’ Xy Y with Z an affine scheme, we
have the 2-cartesian diagram:

Since f satisfies property (x) and p is a quasi-affine morphism, by our above
argument h satisfies property (x). The morphism Z — Y is affine which implies
that h" satisfies property (x). Since the composition Z — Y4, — )’ is smooth and
surjective, it follows by descent that f’ satisfies property (x). O

Proposition 6.2. Let f : X — Y be a quasi-compact (and quasi-separated ) repre-
sentable morphism of algebraic stacks, with J having quasi-affine diagonal. Then
the following are equivalent:

(i) f is quasi-affine;
(ii) for any quasi-coherent O x-module F, the adjunction morphism f*f.JF — F
is surjective; and
(iii) for any quasi-coherent O x-module F, there exists a quasi-coherent Oy-mo-
dule G and a surjection f*G — F;

If, in addition, X and Y are locally noetherian, then the above conditions are also
equivalent to:

(iv) for any coherent Ox-module F, the adjunction morphism f*f.F — F is
surjective; and

(v) for any coherent Ox-module F, there exists a coherent Oy-module G and a
surjection f*G — F.

Proof. First, it is clear (ii) implies (iii). To see (iii) implies (ii), suppose G is
a quasi-coherent Oy-module and f*G — F is a surjection. The counit of the
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adjunction then gives a factorization f*G — f*f.F — F, and hence f*f.F — F
is also surjective.

We next show (i) is equivalent to (ii). Note that the property of being quasi-
affine is stable under composition and base change and descends under faithfully
flat morphisms on the target. By Lemma 6.1, for a quasi-compact (and quasi-
separated) representable morphism of algebraic stacks, property (ii) is also stable
under composition and descends under faithfully flat morphisms on the target.
Therefore, in showing the equivalence between (i) and (ii), we can reduce to the case
where f: X — Y is a quasi-compact (and quasi-separated) morphism of algebraic
spaces with Y an affine scheme. As open immersions and affine morphisms satisfy
property (ii), quasi-affine morphisms also do. Thus, (i) implies (ii).

To see that (ii) implies (i) we may suppose that f: X — Y = Spec I'(X, Ox). If
T C Ox is a sheaf of ideals, then f.Z C f,Ox = Oy is a sheaf of ideals. It follows
that for a closed subset Z C X, f~(f(Z)) = Z. In particular, f is injective.

We first claim that, if Y is a local scheme (i.e., I'(X, Ox)) is alocal ring) in which
the unique closed point y € Y is the image of a closed point x € X, then X =Y.
First note that by the previous paragraph, we know that f~(y) = {x}, and so z
is the unique closed point of X. Choose a finite surjective morphism p : U — X
from a scheme U (which exists by [LMBO00, Theorem 16.6], [Ryd10b, Theorem BJ).
Then U is quasi-affine (by the result for schemes, [Gro67, 11.5.1.2, IV.1.7.16]) and
U only has finitely many closed points. We now claim that it follows that U is
affine. Let uy, ..., u, be the closed points of U and i : U < Z = Spec I'(U, Oy ) be
the open immersion. If U # Z, there exists a closed point z € Z\ U. Then there is
a function f € I'(U, Oy) such that f(z) =0 but f(u;) # 0: otherwise p. C |, pu,
where p,, Py, - - ., Pu,, denote the prime ideals of I'(X, Ox) defined by z,u1, ..., uy,
which implies that p, C p,, for some 4, a contradiction. But then f is an invertible
function on U and therefore on Z, contradicting f(z) = 0. Therefore U is affine
and by Chevalley’s Theorem ([Knu71, Theorem II1.4.1], [Ryd10b, Theorem 8.1])
X is also affine and X =Y.

For general affine Y, let x € X be a point and y = f(x). Consider the base
change by Spec Oy, — Y. We can write Spec Oy, = h;nYi with Y; C Y affine

open subschemes. We have a diagram

X<—X><YY;<—X><ySpeCOyﬁy

P |

Y OY; Spec Oy

By the above case for a local scheme, we know that

X Xy Spec Oyyy = lim (X Xy }/1)
—

is affine. By [Ryd10b, Theorem CJ, it follows that for ¢ >> 0, X Xy Y; is affine.
In particular, z € X has an open neighborhood which is a scheme. Therefore, X
is a scheme and the result follows from the schematic version of the statement.



J. D. ALPER AND R.W. EASTON

The fact that (ii) implies (iv) is obvious. For the converse, let F be a quasi-
coherent Oy-module. Using [LMB00, Theorem 15.4], we can write F = lim F;
—

as a filtered direct limit of coherent subsheaves F; C F. For each i, there is a
commutative diagram

|

[ fF——F.

If s € T'(Spec A — X, F) is a section of F over a smooth morphism Spec A — X,
then there exists j such that s € I'(Spec A — X, F;). Since f*f.F; — F; is
surjective, s is in the image of I'(Spec A — X, f* f.F;) and therefore in the image
of I'(Spec A — X, f* f.F).

The proof of the equivalence of (iv) and (v) is analogous to that of (ii) and (iii).
O

Remark 6.3.

(i) By a different method, Philipp Gross has recently shown the same result. In
fact, his result is more general in that he considers non-representable morphisms
[+ X = Y where the relative inertia I,y — & has affine fibers. Moreover, when
Y does not have a quasi-affine diagonal, he considers the more natural property
that () holds for all base changes. See [Grol0].

(ii) The assumption that ) have quasi-affine diagonal is necessary for (ii) to
imply (i). For example, if G — Spec k is any finite type group scheme, then
Spec k — BG satisfies (ii). Indeed, for any k-vector space V', the adjunction map
corresponds to the map V ®; I'(G,O0g) — V, which is surjective. However, if
G — Spec k is an abelian variety, then Spec k¥ — G is not quasi-affine and hence
does not satisfy (i).

Definition 6.4. Let G — S be a flat, finitely presented, quasi-affine group sche-
me. A flat, finitely presented, quasi-affine subgroup scheme H C G is observable
if every quasi-coherent Og[H]-module is a quotient of a quasi-coherent Og[G]-
module.

Remark 6.5. If S = Spec k, this is easily seen to be equivalent to the definition in

[BBHMS63]: a subgroup scheme H C G is observable if every finite dimensional H-

representation is a sub-H-representation of a finite dimensional G-representation.
We can now prove:

Theorem 1.3. Let G — S be a flat, finitely presented, quasi-affine group scheme

and H C G a flat, finitely presented, quasi-affine subgroup scheme. The following

are equivalent:

(i) H is observable;
ii) for every quasi-coherent Og|H|-module F, the counit morphism of the ad-
Y
junction, Ind$ F — F, is a surjection of Og[H]-modules;
iii) BH — BG is quasi-affine; and
(i) q ;
(iv) G/H — S is quasi-affine.
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If S is noetherian, then the above are also equivalent to:

(v) every coherent Og[H|-module is a quotient of a coherent Og[G]-module; and
(vi) for every coherent Og[H|-module F, the counit morphism of the adjunction,
md$F — F, is a surjection of Og[H]-modules.

Proof. The equivalences follow from the definitions and Proposition 6.2. We only
add that since S — BG is faithfully flat and finitely presented and G/H =
BH xp¢ S, descent implies BH — BG is quasi-affine if and ounly if G/H — S is
quasi-affine. [

7. Existence of good moduli spaces

Given an algebraic stack X', we would like local conditions that guarantee the
existence of a good moduli space. Recall first the following definition:

Definition 7.1 ([Alp08, Def.6.1]). If 7 : X — Y is a good moduli space, an open
substack U C X is saturated for 7 if there is a set-theoretic equality 7= (7 (U)) = U.

Saturated substacks have the following nice property (see [Alp08, Remark 6.2]):
if an open substack U C X is saturated for 7, then 7 (/) is open and 7|y : U — w(U)
is a good moduli space. Moreover, we have the following proposition:

Lemma 7.2 ([Alp08, Prop.7.9]). Suppose X is a noetherian algebraic stack con-
taining open substacks {U;}icr such that for each i there exists a good moduli space
i Us = Y;, with Y; a scheme (resp., an algebraic space). Let U = \JU;. Then
the following are equivalent:
(i) U; NU; is saturated for m; for every i,j; and
(i) there exists a good moduli space 7 : U =Y with Y a scheme (resp., an al-
gebraic space), and algebraic subspaces }71 CY with }N/i%Yi and 77’1(}71-):“1-.

It would be useful to have an intrinsic definition of saturated that does not refer
to a good moduli space, and to use this definition to find conditions that guarantee
the existence of open covers by saturated substacks. Combined with the previous
proposition, this would enable us to give local conditions guaranteeing the ability
to glue local good moduli spaces. We first make the following definition:

Definition 7.3. Suppose X’ is an algebraic stack over a scheme S and Z C X is
a closed substack. Define Fx(Z) C |X| to be the set of those points = € |X| for
which there is a representative (equivalently, for all representatives; see Remark
7.4) T : Spec k — X with {z} N (Z xs k) # @ in |X xg k|. (Here we have abused
notation by considering x € |X x g k| as the image of Spec k = X x g k.)

Remark 7.4.

(i) To verify the stated equivalence, let Z1 : Spec k1 — X and Zs : Spec ky — X
be equivalent representatives of = € |X|, given by a field inclusion k1 < kg. Then
Ty : Spec ky — X is isomorphic in X (k2) to the composition Spec ky — Spec ky —
X, If ml denotes the closure of the image of Spec k; — X xg k;, then by flat
base change {x}, = {x}, Xk, k2. Therefore, {x}, N (Z x5 k1) # @ if and only if

mg N(Z2 xsk2) # 2.
(ii) Note that if Fx(Z) C |X] is closed, then Fx(Fx(Z)) = Fx(Z2).
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Lemma 7.5. Suppose 7 : X — Y is a good moduli space. Then |7~ (n(Z))| =
Fx(Z) for every closed substack Z C X. In particular, Fx(Z) is closed.

Proof. Suppose z € 7~ 1(n(Z)), with representative Spec k — X. If s : Spec k —
X — S denotes the composition, then the base change 75 : X xgk — Y Xgk is
a good moduli space. Tt follows that m,({z}) N7s(Z x5 k) # @ in Y xg k. By
[Alp08, Theorem 4.15(iii)], this implies {x} N (Z x g k) # & in |X X g k|, and hence
x € Fy(Z). Conversely, suppose z € Fx(Z), with representative Spec k — X,
and choose any point z € {z} N (Z xg k) C |X xg k|. Then {z} N {2z} # @ in
|X x s k|, and so by [Alp08, Theorem 4.15(iv)] we have mq(x) = 75(2). It follows
that x € 7= 1(|x(2)]). O

Lemma 7.6. Suppose m: X — Y is a good moduli space. Let U C X be an open
substack with reduced complement Z. Then the following are equivalent:

(i) U is saturated for m;
(i) Fr(2) = 2;
(iii) for every point u € [U| and representative @ : Spec k — U of u, the closure
{u} C |X xg k| is contained in U x5 k|; and
(iv) for every point u € |U| and representative @ : Spec k — U of u for which
u € U xg k| is closed, u € |X xg k| is also closed.

Proof. These properties are all local on Y so we may assume that Y is quasi-
compact; it then follows from the definition of a good moduli space (Definition
4.9) that X is also quasi-compact. First note that 7—!(7(U)) = U if and only if
7Y (n(Z)) = Z. By Lemma 7.5, statements (i) through (iii) are equivalent. It is
clear (iii) implies (iv). To prove the converse, suppose (by way of contradiction)
there exists a closed point zo € {u} N (Z x5 k) C |X xsk|. Let s : Spec k —
U — S be the composition and 75 : X xg k — Y X g k be the base change. Then
for any closed point uy € {u} C [U xg k|, by [Alp08, Theorem 4.15] we have
ms(u) = ms(xo) = ms(up) and xo € {up}. In particular, ug € [U x g k| is closed but
ug € |X x g k| is not closed, violating (iv). O

Remark 7.7. If X is finite type over S = Spec k with k algebraically closed, then
the equivalence of (i) and (iv) simply states that an open substack U C X is
saturated for 7 if and only if every closed point u € U(k) is also closed in X, i.e.,
the open immersion U <— X maps closed points to closed points.

By Lemma 7.6, it is reasonable to make the following definition:

Definition 7.8. An open substack U C X is saturated if for every point u € |U|
and representative @ : Spec k — U of u, the closure {u} C |X x g k| is contained in
|U Xs k|

Remark 7.9. Note that U C X is saturated if and only if Fx(Z) = |Z|, where
Z = X\ U is the reduced complement. See [Alpl0Ob, Section 2] for more general
notions of saturated and weakly saturated morphisms, as well as their properties.

As a converse to Lemma 7.5, we have the following lemma:

Lemma 7.10 (cf. [BBS, Lemma 1]). Suppose the set Fx(Z) C |X| is closed for
every closed substack Z C X. Then for every open substack U C X, there exists
an open substack V CU such that:
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(i) YV C X is saturated; and L
(ii) for everyu € |U| and representative u : Spec k — U of u with {u} C |X x gk|
contained in U xg k|, one has u € |V|. (In particular, any point u € |U|

with representative Spec k — U which is closed in |X X g k| is contained in
|V Xg k’| )

Proof. Let Z be the reduced closed complement X \Yf. Then V = X\ Fy(Z) C X
is a saturated open substack contained in ¢/ with the desired property. U

Since we are interested in determining conditions guaranteeing the existence of
a good moduli space, Lemmas 7.2, 7.5 and 7.10 suggest we should establish when
the sets Fx(Z) are closed for all closed substacks Z C X. We first give conditions
guaranteeing the sets Fix(Z) are constructible.

Lemma 7.11. Suppose X is a noetherian algebraic stack for which there exists a
locally quasi-finite, universally submersive morphism f : W — X from an algebraic
stack W admitting a good moduli space. Then for every closed substack Z C X,
the set Fx(Z) C X is constructible.

Remark 7.12. Etale morphisms and finite morphisms are locally quasi-finite and
universally submersive.

Proof. By Lemma 7.5, Fyy(f~1(2)) C|W] is closed. We claim that f(Fyw(f~1(Z2))
= Fx(Z). The containment C is clear. Conversely, if z € Fx(Z) with representa-
tive T : Spec k — X, then there exists a specialization z ~» xo with g € |2 x5 k|.
Since W xg k — Z X g k is quasi-finite and submersive, there is a specialization
w ~ wo in |W X g k| over x ~» xg. Furthermore, the field extension k(z) — k(w) is
finite, which implies w € Fyy(f~(2)) exactly when {w}Nf~1(Z) # @. Therefore,
we Fy(f(2)) and z € f(Fw(f1(2)). O

Lemma 7.13. Let X be an algebraic stack of finite type over an algebraically
closed field k. Suppose that:

(i) X 2 [X/G], where X is a scheme and G is a connected algebraic group; and
(i) stabilizers of closed points in X are linearly reductive.

Then for every closed substack Z C X, the set Fx(Z) C X is constructible.

Proof. If X is smooth, the statement follows from [Alpl0b, Theorem 3]) and
Lemma 7.11. We may reduce the normal case to the smooth case by applying Sumi-
hiro’s theorem ([Sum74]) which states that there exist Zariski-local G-equivariant
embeddings of X into a projective scheme. The general case follows since norma-
lization is finite and, in particular, quasi-finite and universally submersive. [

Remark 7.14. Tt appears that in the proof of [BBS, Lemma 2], the constructibility
of {x € X | GxNY # @} is not verified for the action of the reductive group G on
the algebraic variety X. It is checked that the set is closed under specialization,
but one needs constructibility of the set to then conclude it is closed.

Lemma 7.15 (cf. [BBS, Lemma 2b]). Suppose X satisfies the hypotheses of Lem-
ma 7.13. Suppose further that either:



J. D. ALPER AND R.W. EASTON

(i) for every smooth curve C over k and morphism f : C — X, the scheme-
theoretic image of f admits a good moduli space; or

(ii) for every pair of points x,y € |X|, there exists an open substack Uy, C X
that contains x and y and admits a good moduli space.

Then for every closed substack Z C X, the set Fx(Z2) C X is closed.

Proof. By Lemma 7.11, the sets Fv(Z) are constructible, so it suffices to check
that Fy(Z) is closed under specialization. First, suppose condition (i) holds. If
Fx(Z) is not closed for some closed substack Z C X, then there exists a smooth
pointed curve (C,p) and a morphism f : C — X such that f(C\ p) C Fx(Z) but
f(p) ¢ Fx(Z). By assumption, the scheme-theoretic image J C X of f admits
a good moduli space. But then Lemma 7.5 implies Fx(Z2)NY = Fy(ZN)Y) is
closed, a contradiction.

Now instead suppose condition (ii) holds. If Fx(Z) is not closed for some
closed substack Z C X, then there exists a closed point © € Fx(Z) \ Fx(Z) that
is a specialization of ' € Fx(Z). By assumption, there are finitely many points
Yi,...,Yr € |X| and open substacks Uy, containing z and y;, such that Uy,
admits a good moduli space and (J; Uyy, = X. Note that Fy,, (X NUzy,) C [Usy,
is closed and Fx(Z2) = U, Fu,, (X NUyy,). But 2" € Fy,, (Z N Usyy,) for some i,
which contradicts « ¢ Fx(Z).

Remark 7.16. In (ii) above, if were were instead to require the weaker property that
every point have an open neighborhood admitting a good moduli space, then the
conclusion would no longer hold. Consider, for example, the stack X = [P!/G,,,],
where G, acts by multiplication. In this case, Fx({0}) = [(P!\ {00})/G,] is not
closed.

Proposition 7.17. Suppose X is a noetherian algebraic stack such that:

(i) every point x € |X| has an open neighborhood admitting a good moduli space;
and
(i) for every closed substack Z C X, Fx(Z) C |X] is closed.

Then X admits a good moduli space.

Proof. For a closed point € |X|, let U, be an open neighborhood admitting a
good moduli space. By Lemma 7.10, there exists an open neighborhood V, C U,
containing x such that V, C X is saturated. It follows also that V, C U, is
saturated, and so V, also admits a good moduli space. For any pair of points
z,y € |X|, Vz NV, is saturated in V,. Indeed, suppose v € [V, NV,| is closed
but admits a specialization v ~» v in |V;|. Since V, C X is saturated, we have
vo € |V, so that vo € [V, NVy| and v = vg. By Lemma 7.2, the good moduli
spaces of V, can be glued to construct a good moduli space of X. O

The proof of the following theorem now follows directly from Lemma 7.15 and
Proposition 7.17.

Theorem 1.4. Let G be a connected algebraic group acting on a scheme X of
finite type over an algebraically closed field k, and suppose that for every pair of
points x,y € X, there exists a G-invariant open subscheme Uy, C X that contains
x and y and admits a good quotient. Then X admits a good quotient.
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